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Abstract. We investigate and contrast the differences between the discretize—then—differentiate and
differentiate—then—discretize approaches to the numerical solution of parameter estimation problems. The
former approach is attractive in practice due to the use of automatic differentiation for the generation of
the dual and optimality equations in the first-order KKT system. The latter strategy is more versatile,
in that it allows one to formulate efficient mesh-independent algorithms over suitably chosen function
spaces. However, it is significantly more difficult to implement, since automatic code generation is no
longer an option. The starting point is a classical elliptic inverse problem. An a priori error analysis for
the discrete optimality equation shows consistency and stability are not inherited automatically from the
primal discretization. Similar to the concept of dual consistency, We introduce the concept of optimality
consistency. However, the convergence properties can be restored through suitable consistent modifica-
tions of the target functional. Numerical tests confirm the theoretical convergence order for the optimal
solution. We then derive a posteriori error estimates for the infinite dimensional optimal solution error,
through a suitably chosen error functional. This estimates are constructed using second order derivative
information for the target functional. For computational efficiency, the Hessian is replaced by a low
order BFGS approximation. The efficiency of the error estimator is confirmed by a numerical experiment
with multigrid optimization.

1. Introduction.

1.1. Background and objectives. Inverse problems use a priori measurements
to determine approximate values of one or more important parameters in a given
model. They are most frequently formulated as numerical optimization problems
[27], where the optimal parameter values, i.e., the inverse solution, correspond to
the minimum point of a carefully selected cost functional. This target functional in-
corporates both the model and measurement information. The optimization prob-
lems are constrained by the model equations. Often, inequality-type constraints
apply to both the inversion variables and the model state, to ensure feasibility of
the inverse solution. Regularization terms may also be added to the cost functional
to guarantee that the resulting constrained problem is well posed.

It is important to make the distinction between two types of inverse problems.
Solvers for model calibration problems [8] seek to minimize the target functional 7.
This is the case in aerospace applications, where one aims to find wing shapes that
maximize the lift coefficient, or minimize drag [18]. Note that here the objective J is
considered to depend on inversion parameters only indirectly. The optimal control
of functional-type objectives, with PDE constraints using the finite element method,
is a well developed field of research (see, e.g., the excellent review [6], and references
therein). In parameter estimation problems, the objective is to explicitly retrieve the
optimal values of the parameters. The control of errors in inverse problem solution
itself through a posteriori error estimation for the primal and dual solutions, is not
well developed. Note that the objective functional depends on the optimal solution
only indirectly, through the model constraint equation. Hence, the theory for model
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calibration problems cannot be applied directly for parameter identification [7].

This paper considers parameter identification problems. We start from the first
order necessary conditions for a local minimum of the continuous and discrete
optimization problems. The dual consistency framework given in [16] is then ex-
tended to the discrete optimality condition. This equation, part of the discrete KKT
set, is obtained by linearization of the primal model along the inverse variables.
Consistency and stability are both essential for convergence of the discrete optimal
solution to its continuous counterpart. Similar to dual consistency, consistency of
the discrete optimality equation does not hold for all discretizations. However, the
analysis shows that consistent modifications [16] to the target functional, may be
used to restore stability and consistency of the linearized discretization. The consis-
tency analysis results are confirmed by the numerical experiments.

The second major contribution of this paper concerns error analysis and esti-
mation for adaptive mesh refinement in parameter identification problems. Energy
norm estimates for the control error have been derived for a rather general class of
elliptic inverse problems [10, 11]. However, such estimates are of very limited use
in practice, since they rely on problem dependent stability constants, and coercivity
estimates for the saddle—point problems stemming from the KKT equations [23].
Another approach is proposed by Becker and Vexler in [7]. The error estimates are
constructed using dual-weighted residuals [23], and apply to a modified problem
defined in terms of an error functional. This error functional may be chosen to be a
weighted average of the optimal solution. The authors of [7] assume that the param-
eter space is finite dimensional. We follow [7], and generalize their approach to the
case of an infinite dimensional control space. For high computational efficiency, the
exact Hessian of the modified problem is replaced by a quasi-Newton approxima-
tion. Numerical results demonstrate the efficiency of the error estimation strategy,
when used in a multigrid inversion algorithm.

We consider only time independent inverse problems. However, the results
presented here can be extended to the time-dependent problems, by leveraging
dual consistency results of Runge-Kutta DG discretizations [1, 26].

1.2. Organization. The outline for this paper is as follows. Section 2 gives the
general continuous and discrete formulations of parameter identification problems,
together with the associated first order necessary conditions. The model problem
and cost functional used in our numerical experiments are given in section 3, while
section 4 discusses their discrete counterparts. Equations are given for the reduced
gradients of the target functional with respect to the control variables, to be later
used in the optimization procedure. Section 3 also contains a consistency proof for
the discrete optimality condition, and the associated reduced gradient. The frame-
work for a posteriori error estimation for infinite dimensional controls, based on a
suitably chosen error functional, is discussed in detail in section 7. The numerical
results for the multigrid optimization, the error adaptation strategy, and the consis-
tency tests for the discrete optimality equation, are all given in section 9. Finally,
section 10 discusses the conclusions, and summarizes directions of future research.

2. Continuous and discrete formulations of parameter identification prob-
lems. Given the model state u € U, the inversion parameters q € Q, and the
real-valued target functional 7, the general continuous formulation of an inverse
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problem reads as follows:

21 F d x — i 7 7
2.1) ind q argqerg}geuj [u,q]

subjectto Afu, q] (x)=0, VxelU.

Here Q and U are appropriate function spaces, and A[-, -](+) is a semi-linear form
(linear in the test functionals x). We use square brackets for the nonlinear argu-
ments, and round parentheses for the linear arguments.

2.1. The continuous optimality system. The numerical solution of (2.1) is the
objective of the differentiate—then—discretize approach [2]. Here, one leverages the first
order necessary conditions for a local optimum [22] to obtain a linearized system of
optimality equations that are satisfied by all local solutions to (2.1). Given the opti-
mal solution pair {u., q« } for (2.1), constrained optimization theory [22] guarantees,
under suitable a priori assumptions on J and A [21], the existence of Lagrange mul-
tipliers A, such that the following Karush-Kuhn-Tucker (KKT) first order necessary
conditions hold for the triplet &, := {u., As, q«} € X :=U XU x Q:

(2.2a) Aluy, qi] (2) =0, Ve elU,
(22b) Au [u*, q*] (’(/}u, )\*) - ju [u*, q*] (¢u) s V"pu ceu ’
(2.2¢) Ag [us, 4] (thg, M) = Tq [us,q4] (¢hg) , Vhq € Q.

The subscripts of the semi-linear form A denote partial derivatives. The small
subscripts of the test functions denote the components of ¢ = {4, ¥, ¥q} € X.

These analytical optimality equations are obtained using the duality theory
of differential operators, and Fréchet differentiation over suitable function spaces.
Once derived, the analytical KKT system (2.2) is solved numerically as a set of
coupled PDEs, using a suitable space-time discretization. The discretization step
comes after the analytical differentiation of the primal model, hence the name of
the differentiate - first approach.

Assumption. For any admissible parameter function q € Q2™ the forward sys-
tem has a unique solution. The cost functional J and the primal weak-form PDE
are compatible [1]. Hence, the adjoint system is well posed and has a unique solu-
tion as well. We denote the primal and dual solutions by

23) u=Ulg], A=A(q),
respectively. The reduced cost functional depends only on q as follows:
24) jlal = J[Ulql, q] -

Consider the Lagrangian functional £ : X — R [22] associated with the con-
strained problem (2.1):

(2.5) Llg]:=Tu q] = Alu,q](A).
The KKT system (2.2) can be written compactly as:

(2.6) Lele] () =0, Ve X.
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Here L¢ : X x X — IR denotes the first variation of the Lagrangian, and is equal to

Le [, A q] (Yo, 5, %q) = Tulw, q)(sha) + Tqlu, q](vq)
—Alu, q] (¥x) = Au[u, q] (o, A) = Aq [w,q] (g, A)
= —Alu,q] (¥2) +{Ju[w, q] = Au[u,q] (M)} ()
+{Jalw, q] = Aq[w,q] (M)} () -

Consider a second test function ¢ = {@., P, ¢4} € X. The second variation of the
Lagrangian reads:

£££ [u/ A q] ( w P, ¢q; Yu, Pa, "pq)
- \7“ u[ll, (¢ur "/}u) + ju/Q[u' q] (¢01’ "/}u)
(

ql
+ jq u[u q] bu, wq) + jq,q[ur q] (¢q/ wq)
— Au[w,q] (¢, ¥r) — Aq [u,q] (¢q, Px)
- Au [u/ ] ("pur ¢)\) - Aulu [u/ q] ¢ur "/’ur )‘) - Au,q [u/ q] (¢q/ "pur )‘)
]

(
- Aq [u/ ] ("qu ¢>\) - -Aq,u [u, q (¢ur Pa, )‘) - ACLC[ [u, q] (¢q/ Pa, )‘) .

This equation can be rearranged as follows:

2.7) ‘Cﬁ,ﬁ [‘5] (¢/ d’) = {ju,u[u/ q] Auu [u q] ()\)
+{Juqlw q] - ]

+ {jq,u[u, ] - -Aqu u,q]

+{Jq.qlw, a] — Aqq u/CI]
[

Aqg |

b (du %)
N} (¢a, %)
(N} (Su )
(M)} (¢q,%4)
—Au [u,q] (Pu, Px) — Au [u, q] (Pr, Pu)
—Aqg [0, q] (¢q,¥5) — Ag [u, q] (¢, %) -

The primal, dual, and optimality equations are often solved simultaneously (all-
at—once), to yield a new search direction for the nonlinear solution algorithm. For
example, the Newton update with the solution increment §&j at iteration k reads:

(2.8) Leel€r)(0&k, ) = —Lel&l (), Ve X,
(2.9) &1 =&+ & .

In the continuous approach (the “differentiate—then—discretize” strategy) to solving the
inverse problem the KKT equations (2.6) are first derived analytically in an infinite
dimensional setting, and then are discretized with a numerical method of choice,
resulting in a system of nonlinear equations. The “optimize-then—discretize” approach
goes one step further, in that the full iterative solution algorithm for the optimality
system is derived in an infinite dimensional setting (2.8); the iterations (2.8) are then
discretized with the method of choice.

The advantage of the continuous formulation lies in its flexibility. The complete
solution algorithm, i.e., both the model equations, and the nonlinear minimization
algorithm for J, can be formulated in function spaces [2]. This allows arbitrary
choices of finite-element type discretizations once the problem has been fully speci-
fied in a functional space setting. Space-time meshes can be changed between non-
linear iterations, and convergence can be quantified in a mesh-independent fashion.
There are also few restrictions on the mesh types and trial function spaces [2, 4].
The main drawback of this method is its additional complexity in both derivation
and implementation, since it is not amenable to automatic code generation.
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2.2. The discrete optimality equations. The discrete approach (the “discretize—
then—differentiate” strategy) to solving the inverse problem starts from the discrete
counterpart of (2.1), obtained using the discontinuous Galerkin finite element method]]
[17]:

2.10 Find Z:ar min T uh, h ,
(2.10) Q- =arg  min ", q"]

subject to  A"[u", ¢"] (x") =0, Vx" eu".

The discrete operators, variables , and function spaces are denoted by the su-
perscript h. The discrete function spaces are U" C U, and Q" C Q. The weak
form A" is linear in x", but may be nonlinear in both q" and u”. The discrete weak
formulation of the primal model is a priori assumed to be a consistent and stable
discretization of the original weak-form PDE in (2.1).

Assumption. The primal discretization is convergent, and the solution u
unique for any given set of admissible inversion variables q".

Again, we assume there exists at least one locally unique solution to (2.10).
Such a solution ¢" := {u’, N, q'} € X" = U" x U" x Q" is required to satisfy the
discrete KKT necessary conditions:

his

(2.11a) A'ful, ql)(¢}) =0, Vi eu”,
(2.11b) Al o, gl (pl, Al = T8 [, gl Vel eu”,
2.11¢) Aby[ul, gt (g, X') = Th[ul, g (y) V€ Q"

or, in a more compact notation
LlElWh) =0, vy'ext,
with the discrete Lagrangian functional £ : X" — R [22]
(212) £ = T, 9" - A", q")(N) .
The subscripts denote partial derivatives with respect to the discrete variables.

While the discretize—first approach lacks the flexibility of its differentiate—first
counterpart, it has the important advantage that the KKT system can be gener-
ated with relatively low human effort using automatic differentiation [12]. The
grid transfer operators used for mesh refinement and coarsening operations in dis-
continuous Galerkin are also amenable to automatic differentiation [1]. This can
significantly reduce the software development time required for a full implemen-
tation. Moreover, many practical problems require the reuse of legacy software;
and for many applications the solution algorithm needs to interface with existing
numerical optimization or ODE solvers that require the inputs to be discrete mesh
variables. In such cases discretize-first is the only feasible approach to solving the
inverse problem. Finally, we mention that the discrete adjoint approach is a natural
fit for multigrid optimization [7, 20], which compensates for its inability to adapt
the mesh between consecutive nonlinear iterations.

As previously indicated in the literature (see, e.g., [14, 16]), the linearization and
discretization steps do not generally commute. In the limit of the discretization, one
hopes for convergence of the discrete optimal solution, but this happens only if the
discretize—first approach yields a set of discrete KKT equations that are stable and
consistent discretizations of their continuous counterparts.
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2.3. Consistency of the discretizations. We now define consistency for the pri-
mal, dual, and optimality equation discretizations (2.11a)-(2.11c). The primal and
dual consistency definitions follow the ones given in [16]. In addition, we propose
to consider the consistency of the optimality equation discretization (definition 2.3);
this type of consistency will prove to be a crucial requirement for the convergence
of the discrete optimal solution q" to its analytical counterpart q.

DEFINITION 2.1 (Primal consistency). The primal discretization (2.11a) is consistent
if the exact solutions u and q of the weak form primal equation (2.2a) satisfy:

Ah[urq](d’x) =0, Vyel.

DEFINITION 2.2 (Dual consistency). The primal discretization (2.11a) is dual consis-
tent, if any triplet € = {u, X, q} € X that verifies the weak-form primal and dual equations
(2.2a)—(2.2b), also satisfies:

Aﬁh [u/ q](wu/ >‘) = jlilh [u/ q](wu) ’ v d’u S Z/{ .

DerIniTION 2.3 (Optimality equation consistency). The discretization (2.11c) is
said to be consistent, if any triplet € = {u, X\, q} € X that verifies (2.2c), also satisfies the
equation:

Alylw,q) (%o N) = Th[w,a)(by), Vb€ Q.

The definitions above can be extended to time-dependent problems, where the
time dimension is discretized using a Runge-Kutta quadrature [1].

3. The model problem. Let QO C R? be a closed convex polyhedral domain
with d € {2, 3}. T is the boundary of Q). Consider the following elliptic boundary-
value problem, henceforth referred to as the primal model:

(3.1) -V.-(qVu)=f,xeQ,
u=g,xcl.

Smoothness assumptions. Let the volume forcing f € £2(Q)), and the Dirichlet
boundary data g € H3/%(T). Also, assume the inversion variables q € #2(Q). The
formulation of the primal problem requires that q > 0, a.e. on ). Also, assume that
any additional conditions on the domain boundary I' [13] are satisfied, such that
the smoothness of the exact primal solution is u € U C H?(Q).

The smoothness of the solution space U guarantees existence and boundedness
of the following trace operators for any function v € U [24]:

(3.2a) P HAQ) = HAT), A(v) =,
(3.2b) Y12 (Q) = HYHT), yl(v) = Vvl .

Inner products of functions in ¢/ on ) and I are defined as follows:

(u, v)q ::/ uvdx, (u, v)p ::/’yo(u) ’yo(v)ds, Yuvel.
Q r
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They induce the corresponding norms on ¢/ and on the space of traces of functions
inU:

[ull 2y ==/ (wwq, [ullze =/ (au)p, Yauel.

Inner products on the space Q, and on the product space U x Q, are defined in a
similar fashion.
The target functional reads:

1 1 B
(33 Jluql = 3lHu—olfq) + 51V(a—a8) 70 + 51~ a8l )

The background control qp € Q is positive a.e. on Q. H : U — O C L3(Q)
is a linear and continuous observation operator. The exact choice of regularization
parameter 3 > 0 depends on the discretization, as well as on the properties of
primal model and cost functional, and is the topic of current research: see, e.g., [15,
19, 29], and references therein. We will assume a constant regularization parameter.

With this choice of model and cost functional, the inverse problem (2.1) has the
following form:

(3.4) Find q. = argmirglj[u, q| , subject to (3.1) .
qe

Note that there are no explicit bound constraints on the inversion variables q.
Rather, the positivity of the diffusion coefficient is enforced indirectly, by solving
(3.4) in a sufficiently small neighborhood of the reference profile. Another approach
to guarantee positivity is to explicitly enforce the bounds for the discrete parameter
values as constraints in the optimization; this will be the topic of future work.

3.1. The continuous KKT system for the model problem. In what follows,
adjoint operators will be denoted by a * superscript. Assume no boundary terms
arise in the definition of the adjoint operator H* (compatibility condition 1 in [1]):

(Hu, 0) = (u,H*0) , Vuecld,0cO.
With this, the adjoint system (2.2b) associated with the model problem (3.1)

reads:
(3.5) -V (qVA) =H* (Hu—0), xeQ
A=0,xerl.
Remark. With the smoothness assumptions on q, o, and u, the exact dual solu-
tion is A € H2(Q).
The optimality equation (2.2c) associated with the model problem (3.1) reads:

(Vaq, Vz)q = (Vas, Vz)o + B(q—qB, 2)q + (V- (zVu), X)q =0, Vz€ Q.

The strong form of the optimality equation is then obtained through an integration
by parts:

(3.6) —-Aq+B(q—qp) =—-Aqp+Vu-VA,xeQ,

-

Vqg-n,xeTl.

Vq-i
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Remark. Using the strong maximum principle [24], this Helmholtz boundary
value problem can be shown to be well posed. Since the volume forcing (—Aqp +
Vu- V) € £2(Q), and the Neumann boundary data Vqp - fi € H1/2(T), the exact
solution q. € H?(Q). By the Sobolev imbedding theorem [24], q. is bounded
and continuous on Q) for d € {2, 3}. Furthermore, in a small neighborhood of a
sufficiently large qp, the solution q« > 0 a.e. on Q).

3.2. The reduced gradient. This section illustrates in detail the derivation of
the gradient of the reduced cost functional (2.4). Consider an arbitrary function

dq € Q, and let du := g—g[q](dq), with du € U. The reduced gradient V4.7 is

defined through identification from the following equality:

0 0
67 (VaT, 8a)q 1= Golual(da) + Gl al(6u), Vg € Q.

We make use of the tangent linear equation, which is obtained from the primal
model by differentiation in the direction (du, dq) € U x O:

(3.8) -V (0qVu)—-V.-(qVdéu)=0,xeQ
ou=0,xeT.

Using integration by parts, the adjoint equation (3.5), and the tangent linear
model (3.8), the reduced gradient formula becomes:

(39) (VqJ,0q)y = /O”H*(Hu—o) 6udx+/QVqV5qu
—/()VqBVJqu+ﬁ /Q(q—qg)équ
- VA-V&d—/A6d+/A 5qd
/Q udqdx— | Aqéqdx+ | Aqpéqdx

+5/Q(q—q3) 5qu+/rvq-ﬁ5qu—/rVqB'ﬁaqu
= <qu|0'6q>g+<vqj r’ 5q>r .

We can immediately see that the gradient is identically zero at the optimal
solution q, which satisfies (3.6).

4. A priori error analysis for the discrete optimality system. This section in-
vestigates the consistency properties of the optimality system for the discrete coun-
terpart of problem (3.4). The discontinuous Galerkin method [17] is used for the
spatial discretization.

4.1. Notation and preliminaries for the discrete problems. Assume the dis-
crete domains cover exactly the analytical ones, i.e., QO"=0Q,and T" = T. Let
Z/l[,’ = span{x;(x)}j=1..p C U denote (for any integer p > 1) the discrete solution
space consisting on discontinuous piecewise polynomial functions of degree less
than or equal to p > 1. Similarly, Q! = span{x?(x)}izlmR C Q is the space of
piecewise polynomials of maximal degree r > 1.

Following the notation in [16], the domain ) is divided into shape-regular

J I
meshes T = U xj, and 7;1}1 = U K?, comprised of polyhedral elements. The
=1 i=1
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primal and dual discrete variables u” and A" are defined on the mesh 7", while
the triangulation ’72171 holds the discrete inversion variables q". Let T'7 and 1"% be the

union of all distinct interior edges of 7" and 7;1’1, respectively.
From the definition of L{f,‘, the restriction of any mesh function v" defined on
T" to an arbitrary element x can be written as follows:

4.1) v (x)

P
= Y vk x;(x), vu' EZ/{[,’, VieTh.
j=1

The coefficients {U{(}, j = 1...P, fully determine the numerical solution inside «.
Similarly, for arbitrary mesh functions z" € Q' defined on the triangulation ’7:1’1, one
has:

4.2) 7" (x)

R
— i q h h h
Kq—Equxi(x), vz' € Q, VT e Ty .
=

Let i, denote the diameter of x € T
e 1= max[lx —ylz -

The area (or volume) of the element « is |x|, and its boundary is denoted by ox.
Furthermore, h := max, .1 hy, and hpyin := min, .1 hy, with the assumption that
the ratio /1/hmin is a constant independent of /. Given two neighboring elements «_
and x (with a common edge e = x_ Nx), we let u’j[ = u” 5 denote the trace of
[

u” on ¢, taken from the interior of x4, respectively.

Let e = x4 Ux_ denote an edge (or face) between two neighboring elements x4
and x_. We denote by |e| the length (or area) of e. Furthermore, the jump in the

solution over e is given by:
[u"] = v d, +u" 5,

whereas the solution average at x € x_ Nk is

On a boundary edge e C T the definitions become {u"} := u}i and [u] := u}i .

Define the following two discrete inner product functionals over the space Z/{f,‘:
<uh, Vh> ::/uhvhdx,VKETh,
K JK
<uh,vh> ::/uhvhds,VeEFUI“I.
e e

They are valid for any mesh functions u", v/ € L{]’;. Inner products on () and
inner/outer boundaries are defined by extending the definitions above:

(00 2 (),
Q K
keTh
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('), = D),

ecl

h h> _ <h h> Bk h
u’, v = u’, v ,vadt, vt el .
< FI Z e p

ecl'y

The inner products induce corresponding £? norms on mesh elements (|| - ||x) and
on mesh edges (|| - [[¢) -
Assume that the mesh 7" is regular enough such that, for some a1, ay > 0,

mht < Ln<wh1,erﬂh

Then the following trace inequalities hold for polynomial functions on x [9, 17, 25]

(4.32) [u"llax < Cr(p) /2 [0,
(4.3b) IVu" - filac < Co(p) 12 V[l , Y u" €Uy

Here the constants C;(p) and C,(p) depend only on the polynomial basis order p.
Let H*(T") denote the broken Sobolev space, for any real number s:

7ﬁm*y:{vezananeTﬂﬂKeH%@}.

This broken space is endowed with the following norm:

1/2
(44) ||V||Hs(7'h) = ( Z ||V||%_[5(K)> .
keTh
We have that Z/{[,’ C H(T™) for any s > 0.

Remark. Similar assumptions, definitions, and notations hold for mesh func-
tions in Q! defined on the triangulation ’7:{‘.

4.1.1. Nested meshes and combined inner products. To be able to use different
meshes for the parameters and primal/dual variables, we make some simplifying
assumptions on the structure of the triangulations 7" and 7;1}’ [2]. Specifically, we

assume that 7" can be obtained from ’7;1}‘ by hierarchical mesh refinement, and

that p > r. This implies that the basis functions for Q! can be written as linear
combinations of the bases for Z/{;}:

P
Z ixj, £=1,..,R.

With (4.1) and (4.2), we define the combined inner product of a function u" € L{;,’
with a function z" € Q! on an arbitrary element x € 7" as follows:

P R P
(st 2), = [uhahds = 37 3 Y=l My (s ), -
K K i=1 (=1 j=1



Remark. A similar definition holds on any element x; € T2,

q - using the reverse

mapping M7 € RP*R,

These definitions can be extended to cover the entire discrete domain ), bound-
ary I', or inner faces I'z, and F%, respectively. To do so, it suffices to note that since
7;1” can be obtained by coarsening 7", the set of inner edges for the parameter mesh
7:{’ is included in that of the primal/dual

(4.5) rlcrg.

Equation (4.5) will also be useful in defining and analyzing the discrete weak for-
mulations discussed in later sections.

4.2. The discrete KKT system. Consider the primal problem (3.1). Its symmet-
ric interior penalty discontinuous Galerkin (SIPG) discretization reads [16]:

(4.6a) Find u" € Z/lh such that:
N[, q")(w") = [ € w! dxt Blg" ql(wh), ¥ W e U,
with

(4.6b)  N"u",q")(wh) := /Q q" (Vu" - vwh) dx + ./rIur ¢ [u"] [w"] ds
— [u] {qh (Vw" ﬁ)} ds

-FIUF
h [ h
~Jror {q (Vu n)} [w"] ds,
(4.6¢) B[g q /q Vw ‘A ds+/ ¢>g w'

Recall that I'7 denotes the union of all interior edges. The penalty parameter is
4.7) ¢p=pht, hei= e[/,

for any edge ¢, and dimension d € {2, 3}. From (4.3)

(48) el <aph' || < aphl <aohTl =k, < DC;/(d Un, weeTh,

where the constant depends on the regularity of the mesh but not on the particular
element «.

Using the notation above, the energy norm (or natural DG norm) [17, 25] is
defined as:

Z /qu Vvdx + 2

keTh ecl'7UT

1/2
49) [Ivlpg —( $h! /e[[V]]'[[V]]dS> SVvel.
With this, we have the following result.
TaEOREM 4.1. Assume the exact solution to (3.1) belongs to H*(Q)), s > 2. For
sufficiently a large penalty parameter ¢ > 0, there exists a constant C independent of h
such that

(4.10) lu —u"llpg < CH™M P a7,
11



and

(4.11) [ —u"| 2 < C

(7"«

Proof. See [25, Chapter 2]. o
It is useful to note that (4.9) and (4.8) imply:

1/2
v h, 1 v] - [v]d
Ivllpg = (eerzur(i) /[[ [-[v] S)

r [0 ds> h

> ¢71/2 az—l/(Zd—2)h—1/2 (

ec'zUT

and therefore

1/2
(412a) h7V/? ( /[[u—uh]] [u—u"] ds> <C Hu—uhH
e€T7UT DG

From (4.12a) we have that

(4.12b) p1/2 Hu—uh’

<cin -

£2(T) DG’

(4.120) 172 H [u— h]]]

£2(T7) < Clp) Hu_uhHDG '

The discrete counterpart of J (3.3) reads:

(4.13) J"u", q" = / (HMa" — o")T(HMu" — o) dx

g/ (q" —a5)"(q" — qi) dx

+3 ./Q(th — Vi)' (Vq" - Vqj) dx
+ R, q" .

+ I\.)IH

The additional term R" [16] is a consistent modification of the cost functional
which allows to establish the consistency of the discrete dual and optimality equa-
tions. We have the following definition [16]

DEerINITION 4.2 (Consistent modification of the objective functional). The term
RMu", q"" indicates a modification to the discrete functional J". R must be Fréchet
differentiable in both of its arquments. This modification is said to be consistent if R"
cancels when evaluated at the exact solutions u, q of (2.2a)—(2.2c):

R'"u, q] =0.

12



Remark. Any nontrivial consistent modification in (4.13) does impact both the
value and the gradient of the discrete cost functional J° h . The modification term R"
can only be expected to vanish in the limit of the discretization. Both R" and its
Fréchet derivative are nonzero for fixed values of h > 0.

As shown in [16] consistent function modifications are required for certain in-
verse problems to guarantee dual consistency (of the primal discretization). This
concept is extended here to the optimality equation. Specifically, for the model
problem (3.4), consistent modifications to J" are used to introduce the stabilization
terms necessary for convergence of the optimality equation discretization (2.11c).

Given (4.13) and (4.6), we can formulate the discrete inverse problem as:

(4.14) Find q" = arg min J"[u", q"], subject to (4.6) .
q"eQ!

The discrete Lagrangian functional for (4.14)—(4.6) reads:
(4.15) Cru", N, g = T [u", q"] — N [u”, g (N)
h yh high ~h h
+ (€, 21+ B, q" (N

Then, the discrete adjoint problem corresponding to (4.13)—(4.6) is:

(4.16) Find A € Z/{f,‘ such that:
N, n 90J" wh h g h
W[“&](W ') = auh[ (W), vwheut,

where, due to the special structure of A"

h
@7ENE [ )W, X = A, (X
;:/th th-VAhdx—f—/rzur(p[[wh]].[[Ah]] ds
o (W 4" OX) 4 (a9 V) ds
(4.18) = N"[A", q"(w")

and

h h
(4.19) %[uh,qh](wh) = /Q(’Hh wh T (H " — o) dx + %[uh, q"(why .

The SIPG discretization (4.6) applied to (3.5) gives the following equation, which
defines the continuous adjoint variables A

(4.20) Find X" € U} such that:
Wt by oohy B I\ T h h h
N[)\,q](w)—/n(% w') (Hu—o)'dx, VW' elU, .

It is shown in [16] that SIPG is dual consistent with no modification of the cost
function (R" = 0 in (4.13)), i.e., its discrete adjoint (4.16) represents a consistent

13



discretization of the continuous adjoint PDE (3.5). Given that the strong form of
the adjoint equation (3.5) is also an elliptic problem, and the dual discretization is
of SIPG form, the £?-error bound in Theorem 4.1 transfers immediately to the dual
problem. Specifically, we have the following corollary:

COROLLARY 4.3. Consider the case where the modification of the cost function does not
depend on u”, i.e., R"[u", q"] = R"[q"].

For a sufficiently large penalty parameter ¢ > 0, the dual discretization (4.16) is a
consistent and stable discretization of the adjoint PDE. Moreover, the following a priori
error bounds hold:

(4.21) IA = Npg < CH™MPHLS TNl oy,
and
4.22) 1A= Xl g2y < Chmin (T -

Here C is a constant independent of the mesh size h.
Proof.
Theorem 4.1 applied to (4.20) gives

IA =X pg < CHMNPHLOT X
X=Xl g2 < CHRCH Ay
with C a constant independent of the mesh size h.

h
gl (w") = 0.

Subtracting (4.20) from (4.16) leads to the equation

N — Xh, q"](w") = obs. discretization residual + ZR [u, q"(wh) .
u”

which allows to bound the difference between the discrete and the continuos adjoint

solutions as follows.
O

Remark. The discrete adjoint solution may be superconvergent in practice. How-
ever, we shall use the conservative error bounds (4.21)-(4.22) throughout our deriva-
tions.

It remains to be determined whether the discrete optimality condition (2.11c) is
a stable and consistent discretization of the strong form optimality condition (2.2c).
The optimality equation in the discrete KKT system of the problem (4.14) reads:

h oB" h
w2 Dt g N - g, aj
aq" q"

I LUCEOR

[u",q"|(z"), V2" € OF .
Noting that the admissible test functionals z" € Q" represent directions of differen-
tiation, one has:
IN"
W[uh,qh](zh,)\h) = /Q Z" Vu'' - VA" dx
14



— [ (1IN} + [N {2 Va5 ) ds
A
h
%[gh,qh](zh,xh) = — /th g" VA dids,
and from (4.13)

"
E)qh[ q"( ,8/ zdx+/ Vq' - Vd}) - V2 dx

h
o R fu gl
The discrete optimality condition (4.23) reads:
IR"
./QV (a" —a}) - VZ"ax+5 / (q" —qp) " dx+ 5w, q'](2")

- / (Vuh-V)\h> zhdx—/ (1o {2" (VA" &)} + N {2 (Vul i) }) s

—/ 2" (VAR R)ds — /Ah (V' R)ds, vZ'e .
We recast this as an equation for
§":=q"—q5,

to get
S ~hh OR" o
(4.24) ./QVq -Vz dx—l—ﬁ/ﬂq z dx—i—W[u,q](z)
= /Q (Vul 9A¥) 2 dx
- /l"z ([[uh]] {zh (V)\h-ﬁ)}—i- A" {zh (Vuh-ﬁ)}) ds
—/r(uh—gh)th)\h-ﬁds—./r)\hVuh-fizhds, vzl e Q.

4.3. A priori analysis of the discrete optimality equation. The SIPG discretiza-
tion of the continuous optimality equation (3.6) reads [25]:
(4.25)  Find " € Q! such that, for all 2" € Q!
vg'-vz'ax+p [ §'2'd
. /Q q z'dx+ B 0 q'z"'dx
~ [ (@1{V2"- 5} + 21V 5} ) ds+ [, 09" 12" ds
z z
— [(Vu-VA)2" dx
Q
Here the penalty parameter ¢4 is defined for any edge eq € T% , and dimension
de {2, 3}
1/(d-1)

¢ := 7 |eq]

15



and ¢ > 0 sufficiently large for the discretization to be convergent (see, e.g., [25]).

Comparing the SIPG discretization (4.25) of the strong form optimality problem
(3.6) against the discrete equation (4.24), we note that the stabilization terms, as well
as the fluxes on interior faces, are not present in the linearized discretization (4.24).
Hence, despite being consistent according to Definition 2.3, the discrete optimality
equation (4.24) is not stable, and cannot be expected to yield useful results.

To add the necessary terms back into (4.24), a consistent modification of the
functional (4.13) J" is needed. More precisely, let:

4200 R, /4>q[[h]][[ﬁh]]ds— [L[@"1{va" &} ds.

For q, qp € H2(Q), the consistency of the functional 7" is preserved. Note that
the jump in q" over any edge ¢ € I'7\I'} is zero. This follows from the continuity of
the discrete optimal solution inside any element x7 € 7;?.

Remark. The modification (4.26) does not depend on u. Consequently

aRh N

and this modification does not contribute to (4.19), therefore it does not change
the dual equation (4.16). The dual consistency property is maintained, and the
conclusions of the Corrolary 4.3 remain valid.

Remark. The residual R" in (4.26) is directly computable from the discrete ap-
proximations u” and q", and it does not depend on the dual variable A". Moreover,
its Fréchet derivative with respect to q"* along z'" € QZ introduces suitable interior
edge and penalty terms in the discrete optimality equation (4.24), while leaving the
discrete adjoint equation (4.16) unmodified:

h
a2 STl = [ a2 as

~ [, (2"14va" &) + [@){V2" 7} ) ds
7
With (4.26) the discrete optimality equation (4.24) reads:
=ho oo h P
(4.28) ./QVq Vvz'dx+ 3 /Qq z" dx
— o (W1492" )+ 1 (Va8 ) ds+ [, 970" 2" s
= /Q(Vuh-VAh)zhdx—/rAh Z" (Vu' 1) ds
- / [u"] {2" (VA" &)} ds — /r M {z" (Vu" - )} ds
1T
—/ W'~ g2 (VA R)ds, Vz'e Q.

Note that (4.28) is linear in z", and is valid under any scaling of the test variables.

Without loss of generality we can consider only test functions with H Hﬁ (rur) =
o IU
1.
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We regard (4.28) as a numerical scheme applied to solve the continuous opti-
mality equation (3.6), and seek to derive error bounds for its solution. For this,
consider the following integral terms

H}—/u—g VAl R)ds,
H%::/r)\hzh u"-d)ds,

and
= [ W (VA" ) ds,
= [ VI (Ve o)) ds,

defined for arbitrary z" € QF. We have the following a priori estimates for the
magnitude of these integral terms. -
LEMMA 4.4. Assume u, X € H(Q), and g € H*(T), with§ = s —1/2. The

following upper bounds hold:
Y e e

: Hwh ~ﬁ’

£2(T) HZthW(rIur) !
] < -] fouto

h
|z ||z:°°(r1ur)r

()
<00l [ W
@2b) || <cp) |A- N [[vu] s 12z -

The constants C(p,r), C(p,7), C1(p,r), and Cy(p,r) depend only on the orders p and r of
the polynomial bases.

Proof.

We can write:

lIr—/ [(uh—u)+(u—g)+(g—gh)} 2" VA fids

—/ 2"VAR R ds—i—/r(g—gh)th)\h-ﬁds.

11 12
]IF ]IF

It follows from (4.12b) that:

Hll‘—‘/u u" VA" R)ds
= H“_“ £2(r) H w‘h'ﬁ)‘zz(r)
= Hu_uh‘ £2(T) H h'q‘ £2(T) ‘ZhHLw(r)

by (4.12b) < C(p) h'/?%.

oot g 725
DG

17
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The integral H}’z can be bounded using classical results from polynomial approxi-
mation theory for finite element methods. Given that the boundary data g € #H*(T),
the following upper bound holds for the interpolation error on I' [9]:

(430) | Cy(p) H™nPH19) (g cip

with a mesh-independent constant Cg. The functional | - | is the broken Sobolev
semi-norm on I'. The Cauchy-Schwartz inequality gives:

12
] <

< Cg(p) ™ P1) g5y

2(r) HVAh'ﬁ’ﬁ(r) thHcW(r)

VAh-ﬁ‘

£2(T) HZthw(r) '

This proves inequality (4.29a). Note that (4.29a) follows immediately from an
identical argument by reversing the roles of u and A, since Al = 0, by equation
(3.5).

Consider now the integral ]I%I. Since the jump operator [-] is linear, and [u]] = 0
(for any u € U), we can write:

_‘/r [u" —u] {z" VA" &} ds
g/r " — ] {2 VX" -5} ds

s/ -
I'z

1
e

L2[gh — g 112 {21 WAl -ﬁ}] ds

< h71/2[[uh —u] £2(Ty) n/z H{Zh VA" (Tz)
< |[F1[u" — ] £2(ry) e H{V)\h i L2(T) H{ h}HLw(rf
< || 12l — ) ( H{V}J’ ﬂ}’ £2(e) ) H{Zh}HL‘”(TI)

Since

and therefore

H{wh i} Ez( = <Wh R+ + (VA" 5)- >2ds
g%/ VA ) ) ds+2/ (") )st
% H VA" ) ‘ *3 H Ah'ﬁ)*‘;(e)



we have

eeF L Joxa g §h v’\h'ﬁ‘;(ax)
(trace) < C(p)h ZThh 1 HV)\h 200
i) e
2]
Consequently
it < o) o720 =y 93 gy [ e,
b 4120 201 o4 [5] 6)],

Thus (4.29a) holds. Since the SIPG discretization is dual consistent, (4.29b) follows
by reversing the roles of u and A,.

O

An immediate consequence of the lemma is the following corollary:
COROLLARY 4.5. Forall p > 1and s > 3/2, the discrete optimality equation associated
to the problem (4.14) is asymptotically consistent.

Remark. With our specific smoothness assumptions (s = 2, 5§ = 3/2), the inte-
grals (4.29a)—(4.29b) are O(h'/?).

A priori convergence order. Let eg =q"-q"ea=u—u", andey = X - \".
Subtracting (4.25) from (4.28) gives the following equation for e’cll:

SIPG discretization of the continuous KKT system. The SIPG discretization
of the forward problem:

N, q" /q (Vu- vwh) dx+/ ¢ [a"] [w"] ds
Ref.(4.6) : _/rzur [u"] {q (Vw' "’)} ds

o {@" (va" @)} [w"] ds

Nu /fhwdx /q (Vw' - nds—i—/(pgwds.
The SIPG discretization of the continuous adjoint equation is:
Ref.(420) N[N, g")(wh) = /Q (Hhw")T (i — o) dx, ¥ wh € U,
The SIPG discretization of the continuous optimality equation:

Ref.(4.25) /Q vy vz dx+ 8 /Q ' 2 dx
19



“hy

/ (Vu-VA)z

([[qh]]{Vz i)+ VG R} ) ds - [ 71112 ds

Discrete KKT system. The discrete forward problem reads:

N[E ") (w / §" (Va" - vwh) dx + / ¢ [@"] [w"] ds
Ref.(4.6) : —./rz [@"] {g" (vw' )} ds
) (@ (vE A} W ds
N[ah, g ( /fhw dx — /Ahgh (th-ﬁ)ds+/r4>ghwhds.

The discrete adjoint problem is:

Ref.(4.16) N[N, g"](w") = /Q (Hwh)T (15" — o) dx

The discrete optimality condition reads:

Ref.(428) [ V§'-Vz'dx+p [ q'2"dx
_ /1-% ([[(Alh]] {Vzh A+ [[zh]] {th ﬁ}) ds + /r% ¢l [[(Alh]] [[zh]] ds

- / (V" - VA" 2" dx + Ry
O
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SIPG of continuous forward eqn:
/ fh h dx
—/ q'g" (Vw-7)ds

Jr

+/r4>ghwhds.

Nh [—h —h

Discrete forward problem:
Y= [ #wdx
_/r q" g" (Vw" - i) ds

+/r¢ghwhds.

Nh [Ah Ah

SIPG of continuous adjoint eqn:
~h —
NN g (W) =
[ (R W) T (3~ 0)" dx
Jo

Discrete adjoint problem:
IR G (w) =
/ (H"whT(H"a" — o) dx
Q

/quh-Vzhdx+B./Qqhzhdx
—/ [§'] {VZ" - i} ds
I
—/r%[[zh]] (Vg ) ds
+ [, #9111 ds

- /Q(Vﬁ. V)" 2" dx

SIPG of continuous optimality eqn:

Discrete optimality condition:

va'-vz'ax+p [ g'2'd
. /Q q z'dx+ 3 L9z dx
- [ @"{va"

z
- [LI21{va"

z
+ [, #9[6"] [2"] ds

rl E

:/( Vi - VM) 2 dx + Ry

-fi}ds

-fi}ds

5. A priori convergence order. Let e’cll

:qh—qh,eu:u—uh,ande)\:

A=A

Subtracting (4.25) from (4.28) gives the following equation for eZ:

Find e’é S Q’; such that, for all z" € Q’,l:

./QVeZ-Vzhdx—i—ﬁ./Qegzhdx—/rqz (I (V2" -7} + {Vel -7} [2"]) ds—i—/r% 9% e

- / (Vu' - VA" — Vu - V) 2 dx
@)

_/)\h (v
r

u" - d)ds — u" — oMz (VA" 1) ds
g
r

- ~/1"z [u"] {z" (VA" - 5)} ds — ~/1”I A1 {2" (Vu"

n)}ds

- /(Vuh-VAh)zhdx—/(Vu-VAh)zhdx+/(Vu-V)\h)zhdx—/(Vu-V)\)zhc

1 2 _ql 2

= _/Q(Veu'VAh)Zth—/Q(Vu-VeA)zhdx

—Ip — I — I, — If,



= — /Q(Veu VAN Zhdx — /Q(Vuh -Vey)z"dx — /Q(Veu - Vey) z"dx
)
Consider the following elliptic error equation defined over the broken Sobolev space
HE(T"):
(5.1)  —A€q+BEg=—Vey VA" —Vu" Vey — Ve, Vey, xcQ,
Veg-i=0,xerl.

Under our solution regularity assumptions, the Lax-Milgram theorem [25, The-
orem 2.8] guarantees the existence of a constant C independent on #, such that:

[[Pe HVeu VA" + V! Vey + Vey - VeA’

EZ(T}’)
<c Y / (Veu: VA" 4+ Vu - Vey + Vey - Vey ) dx
keTh STk
(5.2) <C ), (||Veu||52(x) IV N 2200 + 1V exll 200 VU | 220

KkETh
+ ||Veu||£z(,<) ||ve)\||£2(x)) :

Now, from the discrete Cauchy inequality, and Theorem 4.1, one has:

1/2 1/2
Y- (IVeull 2o VA"l 2 < ( Y. ||Veu||2ﬁ(x)) ( Y. ||V>\h||%;z(,c)>

xkeTh kT keTh
= Vel g2 - VA" g2y
< Cu(p) B P ] s oy VN g2 -

Similarly, using the convergence result for the dual problem (Corollary 4.3), we
obtain:

Y [Venll oz 196 |2 < Calp) mmPH9 1 AL 90 o
keTh

and

Y- Vel 20 IVerll 200y < Calp) Calp) B2™™ P72 gy oy (1Ml ) -
keTh

Substituting these upper bounds in equation (5.2), it follows that:

(5.3) ||Eq||’Hs(7'h) < C pmin(p+1,5)—1 (HuhHHS(Th) + H)‘hHHS(Th)) .
The unperturbed SIPG discretization of (5.1) is:
(5.4) Find Eﬁ IS Q’;, such that, for all z"" € Q’ﬂ:

/QVE’JI-Vzhdijg/ngzhdx
_./r% (41 (V2" &} + {Ve, -7} ['] ) ds+/r%¢q [€]- [] ds

= —/ Veu-V)\hzhdx—/ Vuh-VeAzhdx—/ Veu-VeAzhdx.
Ja Ja Q
22



The discrete solution Ez of (5.4) verifies the a priori error estimate given in Theorem
4.1, hence:

leq — EZHDG < Chmin(p+1's)_1||éq||Hs(7'h)

< CR2™EED2 (Yl iy + [N s ) -
One obtains:

Ieglloe < l[qling + I8 —€5llhg

< Chmin(l’+1,s)71 (HuhHHS(Th) + H)‘hHHS(Th)) )

The equation for the discrete optimal solution error, denoted by eg, obtained by
subtracting (4.25) from (4.28), is a perturbed SIPG discretization. The perturbation
is given by the sum of the boundary and inner face integrals

Rp:=Tf +If +1f +17 .

Subtracting the SIPG discretization of the error equation from the equation for eﬁ,
leads to:

55) Ney (h—eh 2") = [ V(ch—eh) Vzhax+p [ (eh—eh) 2" ax

— [, (Ll —=h- {V2"} + {V (e ~4)} - [2'] ) ds

Jr3
+/rq¢q[[eg—a’gl]]-[[zh]]ds

A

— —R,.

The bilinear form /\/’eq(e’gl — Eﬁ, zh) : RN x RN — R is of SIPG form. Thus, it
is continuous and coercive [25]. The right hand side of equation (5.5) is linear in
the test functionals z". By the Lax-Milgram theorem applied on RY, and (4.29a)-
(4.29b), we obtain the following a priori bound:

(5.6) e

=h 1 2 1 2
q eqHHs(’EIh) <C |H1" + HF + HFI + HFI|

< C(r, p) hmin(pt15)-3/2 (||“||c2(Th) + ||>‘||z:2(7h>) :

6. Solution of the optimization problem. We seek to solve the optimization
problem by a gradient based method such as quasi-Newton on nonlinear conjugate
gradients. Such methods are well suited for large scale optimization problems. In a
discrete framework we need to compute the reduced gradient V _, J" of the discrete
cost functional (4.26). The application of this approach requires only the forward
and the adjoint models, but not the explicit optimality equation.

6.1. The discrete reduced gradient. The gradient V ;7 I of (4.26) is defined by
the following identity:

61 (VgI" 8q") = Tl q"](5q") + Thlu" q")(0u") , vaq" € O,
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where

h
U144 (5q") € QF .

su .=
u 3q

The discrete adjoint solution A" is a valid test function for the primal model (4.6).
The Fréchet derivative of (4.6), tested with A" in the direction (6uh, 6qh) S Z/l[,’ X Qi‘,
gives the discrete tangent linear model:

oNT N
(6.2) B [u", A" (8q") + W[u N1 (8u’)
oB" oB'"
- W[gh, A(sq") - m[ghf)\h](auh) =0

From the adjoint equation (4.16) we get:
(6.3) N*(5u, N = T8, [u", q")(6u") .
Then, using (6.3) and (6.1), and the integration by parts formula on 7;1’1,
/Q Vq' Véqtdx = — /Q Aq" 69" dx
+ f V') 86" Tds + [ [V6"T- (8"} ds,

T

we find that:
h h . h h h h
64 (V" 8q") ._./Q Vad"| | 8 dx—l—/rvth | 6q"ds
h h
+/r% VT ]r% 5q" ds .

The cell, boundary and interior face contributions to the gradient, are computed,
respectively, through the following equations:

h hqe . hos h hos ok
/quhj ‘Q 0q’ dx := /OAq dq dx—i—/QAquq dx
+/3/ (qh—q’g)aqhdx—/ Vo' - VA¥5q" dx
Q Q
h h - h h = h =\ \h h
/rvth | 6q"ds .—/r(u (VA" 5) + (Vo' - 5) ') 3q" ds
+/(th-ﬁ - vqg.ﬁ)aqhds—/ghwh.ﬁaqhds,
r r
[, V"], sads = [, [Va']-{5q" s+ [, 9 15a']-[a")ds
* rI z rI rI
+ [, {Va"} - 189" ds — [ {Val} - 189" ds
Jrl r:
+ [ (Iu"1- {39" VA"} +{6q" Vu'} - [\']) ds
iz
LEMMA 6.1. If we have convergence of the discrete primal and dual solutions, then

. h
lim Vo 7" = Va ,
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i.e., the reduced discrete gradient is asymptotically consistent.
Proof. Use equations (3.9), (6.4), and Lemma 4.4. a

Remark. In addition to cell and boundary components, which are present in
the continuous gradient equation (3.9), the discrete gradient (6.4) is also influenced
by traces on the interior element faces. Even though the contribution defined on

interior faces th Jh a vanishes in the limit of the discretization, it is nonzero for

T
fixed h > 0.

6.1.1. Computation of the discrete gradient. We now discuss the computation
of the reduced gradient from an implementation perspective. The more straightfor-
ward, albeit significantly less efficient approach is the component-wise calculation
of gradient entries. Let N be the total number of degrees of freedom (DoFs) for the
mesh 7;1’1, and the size of the discrete solution qh. It follows that N = I x R, where
I is the total number of elements defined on 721}‘, and the constant R denotes the
number of degrees of freedom per element.

Assume the following ordering in the components of the discrete reduced gra-
dient: the ((i — 1) X R + j)-th entry corresponds to the j-th DoF defined in the i-th
mesh element K?. Note that all the discontinuous Galerkin DoFs are defined in-
side the mesh elements, given that the numerical solution is discontinuous at the
inter-element boundaries.

Let

q q
" L xi(x) , x€ K;
(6.5) 0q"(x) :== { / 0, xg«

in (6.4), and any indicesi =1...I,and j =1...R. Then

<thjh, (5qh>Q = (thjh>

(i—1)xR+j

With this observation, I x R evaluations of the functionals (6.4) are needed for
a complete gradient computation. For practical values of I, we need a significantly
better approach.

The sparse structure of the test functional (6.5) can be exploited to dramatically
increase the efficiency of the gradient computation. To see this, use equation (6.5)
in (6.4), to get:

(6.6) (vthh)(i_1)><R+j = gQ + gF + gFI ’
where the volume and boundary integrals reduce to
o h q
Ga = /K:] thj ’Q )(]- dx,
and

- h q
Gri= Y | VgJ | x]ds.
eel"ﬁax?
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The inner face integrals warrant further examination. Consider for brevity only the
integral below (the rest of the inner face terms in (6.4) are treated similarly):

[,Iva'l- 16" ds = ¥ [IVq"]-{6q"} ds

q
ecl'y

1 = —
= ¥ 5 [ (val-fi-va" i) (6q +q")ds,

q
ecl's

where we let the edge e = x Nx_. Let K? = k4. Then the integral above reduces to

/rqz[[vqh]].{dqh}ds— ) /(Vqﬁ.ﬁ_vq}i _ﬁ) 5q" ds .

g4 V€
ec€ox; NI’z

This locality implies that all three integrals in (6.6) can be assembled in parallel over
all DoF indices 1...N. Hence, the cost of a reduced gradient computation becomes
comparable to that of evaluating a single gradient component on the triangulation
7:{’ using equation (6.4).

7. Targeted a posteriori error estimation. Aposteriori estimates are important
in practical computations, in order to steer the grid adaptation such as to obtain
the target accuracy with small computational effort. In the inverse problem setting
one needs to adjust the grids for the forward problem, the adjoint problem, and the
optimality equation, in order to control the error in the inverse problem solution.
Note that controlling the local errors in each of the problems (primal, dual, and
optimal) is likely to be an inefficient strategy, since only the impact of these local
errors on the accuracy of the inverse solution is of interest.

Our approach to posterior error estimation follows Becker and Vexler [7]. We
generalize their work to cover the case where the parameter space Q is infinite
dimensional. From this we derive a computational procedure applicable to our
formulation using discrete adjoints. Our derivation of the error estimates uses an
approach based on perturbations of the KKT system, and better explains the impact
and of different numerical errors and the magnitude of different error estimation
terms.

7.1. Aposteriori error estimation based on an error functional. Consider an
error functional

(7.1) Elq): Q= R.

We assume an infinite dimensional parameter space Q. The gradient of £ is defined
by identification from

(Vq4€,6q) = &qlql(dq) , Voq € Q.
As in [7], we seek a error representation of the type:
£lq" - €lq] = E" +hoot.,

where E" is computable in practice, and the higher order terms (h.o.t) are ignored.
This representation captures one aspect of the difference between q and q"; the
adaptivity will target a reduction in this aspect of the error.
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Consider now a perturbation of the optimality system (2.6) in the form of a
small added residual p. The perturbed optimality conditions have the solution &%,

(7.2) (Le [€2] +p) () =0, VepeX.

For the unperturbed case p = 0 we obtain the solution £V = ¢, of (2.6).
Let MP denote the Lagrangian associated with the functional E and with the
perturbed optimality conditions [7]:

(7.3) MPg, o] = E[€] - (Le €]+ p) (o).

The Lagrange multipliers associated with the constraints posed by the perturbed
optimality conditions (7.2) are o. Let (£, 0.) be a stationary point of M°[¢, o] =
E[€] — L¢ [€] (o) for the unperturbed case p = 0. We have that

(74a)  M[&, 0] () = El&] (W) — Leg[€4] ($,00) =0, Ve X,

(74b)  MG[é, 0u](9) = ~Le[€](¢) =0, Ve X.

Equation (7.4b) states that if (£, o) is a stationary point of M?, then &, is a sta-
tionary point of £, since the first order optimality conditions for £ are imposed as
constraints in M.

Consider now the residual p” for which the optimal solution of the continuous
problem equals the optimal solution of the discrete problem, &£ = &

(7.5) Pl = Lele) - Le €] = —Le ¢!
= (Le[el]+0") @) =0, wpex.
The error in the cost functional (7.1) reads:
Ele] — €lel) = MOgs, 0] — MP[EL, o]
= ele] - €161 — (Lele — Le [€1] - o) (o)
= Eel6 (& — €1) — Legle (6 — € 0) + (p, o) + Dot
= <ph, a*> + h.o.t.,

where the first two terms disappear due to the stationarity of M? condition (7.4a).
Combining the equations we are lead to the following error estimate:

Eleh —gle) = L [gﬁ} (o) + ok,
= A, "](A0)
+Julu’, q"](802) — Aulu, q"](802, A")
+Jqlu", 4" (Acd) — Ag[u", q"](Acd, N') + heo.t.
A more accurate estimator is obtained as follows. Define
e=¢€l &
N(s) = E[ec+s¢] — (Lele- +se] +50") (o)

Mgl 0]~ MUlE.,0.) = N(1) - N(O) = [ N'(s)ds
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Therefore we have that
£€1) ~ £le] = MPLEL 0]~ MOlE. 0]
- /01 (Ele. +sel(e) — Legle. +sel(e,0) — (o)) ds
= (oo 5 (Eeled(e) ~ Legle(e,0)
1 (Eclel)(e) ~ Leglell(e o)) +Rie e e)

(o) + 5 (Eelelite) — Leglelle, o)) + Riesee)

where the residual of the trapezoidal integration method is of order three with
respect to e. Using the fact that &/ = &, + e, expanding E¢[¢!!] and L¢¢[€"] in
Taylor series about £+, and using the stationarity condition (7.4a), we obtain:

g[éil] - g[é*] = - <ph, 0'*> + %55,5[6*](8, e) — %Cg,glg[ﬁ*](e, e, 0'*) + h.o.t.

where the higher order terms are at least of order three. This analysis reveals the
structure of the second order error terms. It also shows that the additional terms
considered by Becker are the second order terms. These second order terms are
the residual of the optimality equation (7.4a) for the optimal discrete solution. This
residual is weighed against the error e.

Remark. We note the following:

1. All the residuals in the above equation are for the continuous operators.

2. By performing the integration by parts in reverse order, we arrive at the
strong form (high derivatives of the polynomials inside each element) dot
product with the o.

3. Each residual can be written as a sum of residuals within each element.
Similarly, each element-wise residual can be computed in strong form, by
differentiating the polynomials, to arrive at polynomial residuals.

7.2. The first order posterior estimator. Using the general residual formula
(7.5) the first order posterior error estimator reads

Eh — _ <ph,o_*>
= (£elet] o)
= (eae] o)+ (cuél] o)+ (£alg!] o)
= pul€!] (a2) + pal€l] (02) + pql€!] (a9).

The residuals p are given by the continuous Lagrangian derivatives evaluated at
the discrete solutions. Specifically, p., px, pq, represent the residuals in the primal
equation, dual equation, and optimality equation, respectively:

pul€l] () = — A", q"](),
pAl€l] () = Tulu”, q"]() — Aulu”, q")( X")
pal€!] (-) := Tq[u",q"](-) — Ag[u", q"](, A") .
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For example, consider the weak form of our elliptic model problem (3.1)

Alq,u](¢) = a[q](u,¢) —l(9), Ve ecll,

where 4 is bilinear, and / is linear. The corresponding residuals are

pul€l)() = —a[a!] (ul, ) + (),
PAl€l)() = Ju [ulat] () —au ] (AL,
Pal€l]() = Tq [ul d:| () —aq [al] (- ul, XD
Explain here why Ao and not just o The multipliers o that weigh the residuals

are estimated through local higher-order interpolation [23]. Consider, for example,
the error weight

A oA A
Ao = o, — Ijo;

Here 7, : U — U" denotes the projection operator onto the discrete solution space.
We can approximate the weight Ao} through a patch-wise higher—order interpola-
tion of a’& onto a coarser mesh. Suppose a’& is defined on a regular mesh ’7;7 (see
section 4 for details on the notation). The higher-order interpolant o'}l is defined
on a coarser mesh ’7'13 that is obtained directly from 7;? through pure hierarchical
coarsening (e.g., H := 2h). Then, for all mesh elements x € 7:{‘, we set:

82|~ (o) = (o))

e
Similar computations are done for the other weights Ao, Acl, etc.

7.3. Calculation of the multipliers .. We are now left with the task of calcu-
lating o, from the stationarity condition (7.4a). These additional multipliers have
components for the forward, dual, and optimality problems, o, = {o%, o2, ol}.
The Lagrangian M? (7.3) has the form

MOl¢, 0] = Elq] ~

|

[ () = Lx[€] (02)

q
q

\
)
2,

S

where the last equality holds true if u = U[q]. The first variation of this Lagrangian
M? (7.4a) about the optimal point &, = {u., As, q«} can be expanded as follows

Mg €., 0.](68) = Eqlq.](6q)

—Lq,q (€] (09, 03) = Lgu[&] (0w, 0F) = Lg A [€:] (0X, 03)
—Luq 6] (09, %) — Euu[ o] (Bu, o) — Ly x [€4] (6X, 07)
(7.6) = {&qla:] — Lqq €] (0) = Lug[&] (%)} (89)
_{ﬁq,u 5* (U'i[)'f'ﬁuu 5* ‘7:: } ou )
—{Lg €] (6) + Ly (€] (a2)] (0
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Using (2.7), and a compact notation for the nonlinear arguments, we have for the
elliptic equation

Mglé-, o )(v) = {Eq €] = Tuq €] (%) = Taq €] ()
+Aqq (€] (03) + Aq[€:] (02) + Aug (€] (02) } ()
—{Juu €] (%) + Tqu&:] (o)
+ A €] (02) + Auu [6] (03) + Aqu [64] (0) } (0)
+{Aul&] (02) + Aq [&] (00) } (2)
where the components of the test function ¢ = (¢, ¥, 1) appear explicitly within

different terms. The variation (7.6) of the Lagrangian M0 is zero at its stationary
points. The equation for 1), reads

7.7) 0=_Eq[&:] = Tuqlés] (0%) — Tq,q (€] (o) + Aq [€:] (02)
+Aq,q [5*] (‘73) + Au,q [5*] (0'::) .

The equation for 1, is the tangent linear model evaluated at the optimal solution
(7.8) 0=Au[&] (o) + Aqlé:] (0F) & o =Ulqs]ot.

The equation for v, is the second order adjoint model evaluated at the optimal
solution:

(7.9) 0= Tuulé:] (%) + Tgulé:] (o)
—Au €] (02) — Auu [€4] (0%) — Aqu €] (o).

To derive the computational procedure we revisit the reduced cost function,
which is equal to the reduced form of the Lagrangian (2.5) for any q and for any A:

jlaAl = L[&] =T [Ulq], q] — A[Ulq],q] (A),
&(g A= (qU[q,A), YqeQ, Ael.

The notation &, reminds that this £ depends on only two parameters, q and A. The
reduced gradient is

(710)  jqla: Al(#) = Lql&2](9) + Lulé2] (U'[q]9) + La[€2] (A[d]0)
= Lq[&](9) + Lu&o] (U'[qld) , ¢ <€ Q.

The term L} is the forward equation and vanishes identically since u = U[q] in &;.
Note that

(7.11) Ja Al Al(Wn, @) = L Al2] (W, ¢) + Lual€2] (¥a, U'[al9) -

The reduced Hessian is

Jaal Al (¥, @) = Lq,q[&](¥, @) + Laul&](U'[q], ¢)
+Lu,q[&) (¥, U'[q]d) + Luul&] (U'[qy, U'[q]0)
+Eu[€2] (u//[q] (1/1/ d))) ’ ’l/f,d) € Q.
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With A = A(q) the adjoint equation £, = 0 makes the last term vanish identically.
Let &1[q] = (q,U[q], A(q)), which depends on just one parameter, q. The reduced
Hessian reads

jqu[q] (1/"/ ¢) = ﬁq,q[gl] ("/"/ ¢) + Eq,u [51] (u/[q]"pr ¢)
—l—Cu,q[‘fl] (l/J, u/[q]¢) + Cu,u[‘fl] (U/[q]llJ, u/[q]¢) , Y, Q.

Consider the variation of the Lagrangian Mg (7.6) along the direction ¢ € X with

the following components: 9, € Q arbitrary, ¥, = U'[us]epg, and 95 = 0. Using
(7.8) we replace o = U’'[q«] ol. Note that &1[q.] = &. With these substitutions,
the variation of the Lagrangian (7.6) reads

Mglés, 0] (¥) = Eqla] (1q) — Laq [€:] (a, 0%) = Luq €] (g, U'[a:] o)
—Lapu[§:] (U'Tuitpg, 0F) = Luu [6] (U'[us]hg, U']q.] o)
= &qlq+] (¥a) = jq.alq:] (¥q,0%) -

The variation of the Lagrangian M (7.6) along the direction ¥ must be zero for
any 14, which leads to the following equation for the multiplier o}

(7.12) jaqlas] (@, 0f) = Eqlas] (@), Vo€ Q.

Equation (7.12) can be solved approximately by using a quasi-Newton approxi-
mation of the reduced Hessian. This approximation is based on the sequence of
reduced gradients obtained during the optimization. The computational procedure
is given in Algorithm 7.1.

Algorithm 7.1 Error estimation using the second order adjoint solution

1: Solve equation (7.12) for o using a quasi-Newton approximation of jg,q-.
2. Given o}, solve the tangent linear model (7.8) to obtain o%.
3. Given o and o, solve the second order adjoint model (7.9) to obtain o2.

8. Numerical results for a distributed control test problem. Consider the case
where the inversion variable is the volume forcing f of the primal problem. Assume
the discrete variables f € QI = Z/{[,’. We define the cost functional J as follows:

1 B
(8.1) T =5 |1Hu = ol 2o dx+ 5 |1 = ]| 22 ) dx.

The primal and adjoint equations remain unchanged. However, the optimality con-
dition (3.6) becomes

8.2) Bf=-X,xeQ,
whereas (4.23) now reads:

h h h h _ h h
(8.3) ﬂ<f,6f>0+<>\,6f>0f0,v&f cul.

For this problem the discrete optimality condition is obviously a consistent dis-
cretization of the continuous formulation. We analyze the convergence of the prob-
lem for an adaptive discretization. Let H be the identity operator, o := Hu,,
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Fic. 8.1. £2 (left), and L> (right) convergence for the distributed control problem (3.1)-(8.1), withr = p = 2.

B =100, and

q(x) ;= (1+x2+y%) /10

u.(x) := 10 exp (—7(10964_ 5)2> exp (—7(1%4_ 5)2> ,

f.(x) =fp:=-V-(qVu)(x), Vx=(v,y) €Q=0,1%.

The analytical cost functional is then zero at the optimal solution: 7 (us, q«) = 0.

Figure 8 shows the convergence of the discrete primal, dual, and optimal so-
lutions to their exact values, upon mesh refinement. All variables are discretized
on the same mesh, using a quadratic Lagrange basis (p = 2), with square elements,
and hierarchical mesh refinement. The theoretical estimate O(h?) is verified numer-
ically. The dual solution is super-convergent: || A" — A|| oy <C he.

9. Numerical results for the coefficient identification problem. Let H be the
identity operator, 0 := Hu,, 3 = 100, and Q := [0, 1] x [0, 1]. The first numerical
test makes use of

(9.1)  Test A: qp(x) :=1+x> +y?,

u,(x) == 10 exp (—M) exp (—M) ,

and the initial guess

(9.2) qQo(x) =1+7x+7y,x€Q.

The second set of experiments uses the following functions:

(9.3) Test B:

qg(x) := 5+ sin (%) cos(2my),

u.(x) := 10 exp (—(1()3(47_5)2> exp (_ﬂ()yf—SF) ,

and a constant initial guess

(9.4) q:=1.
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' FiG. 9.1. Asymptotic ‘consistency test for the discrete gradient V 5 J " using the first order Taylor approxi-
mation (9.5), and the functions (9.1)—(9.2).

For both experiments we choose
f(x):=—-V-(qgVu,)(x), Vxe Q.

Then, q« = qp, and J (u«, q«) = 0. The discrete solver uses the deal.II library
[3] for finite element computations. The spaces (L{ h) ¥ and Q! are spanned by the

second order Lagrange basis functions (p = r = 2). Moreover, 7" = 7;1’1. Note that
for the first set (9.1)—(9.2), the exact optimal solution q: can be represented exactly
by the polynomial basis spanning Q.

9.1. Consistency of the discrete gradient. An important step in adjoint code
development is validation of the discrete gradient (6.4). The classic approach to
adjoint code validation is through the numerical verification of a truncated Taylor
expansion [28]. For smooth [J,, and small perturbations e 5qh around a reference
state q", the Taylor theorem gives:

J"(q" +edq") = T"(@") +& (VT", 8q") +0().
We verify numerically the following limit for small values of e:

=1.

h h hy h h
9.5) lil’l’th(E) = hn}) J"(q +€5qh) ;7 (q")
E— e—
(>4 <Vq1;j ’ 6(1 >Q

As shown in figure 9.1, the discrete reduced gradient is found to be numerically
consistent. For e < 10!, truncation errors start to degrade the quality of the finite
difference approximation (9.5).

9.2. The numerical behavior of the discrete optimality condition. We now
consider the solution of equation (4.24). Figure 9.2(a) shows the decrease with
h ~ DoF~ 12 of the integrals I, H%, ]111“1' and H%I in (4.29a)-(4.29b). For p = r = 2,
and the C*(Q)) exact solutions (9.1)-(9.2), the integrals vanish asymptotically at
least as fast as #3/2, verifying the analytical bounds. Similar results are reported in
figure 9.2(b) for the problem (9.3)-(9.4).
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F1G. 9.2. Asymptotic behavior of the integrals (4.29a)—(4.29b) for test A (left), and test B (right).

9.3. Multigrid optimization and solution convergence. The multigrid opti-
mization procedure is described in Algorithm 9.1. The subscript k indicates the
current multigrid iteration. On each mesh level, we keep iterating until there is a
sufficient reduction in the cost functional Jj,. A practical stopping criterion for the
multigrid iterations can be based on the value of the target functional 7" at the
current solution, or some reduced gradient norm.

The algorithm requires the constant relative and absolute tolerance vectors
ATOL and RTOL, which decide if there has been sufficient decrease in the cost
functional value on the current mesh level. In practice, one may also want to limit
the number of optimization iterations on a given mesh, to prevent excessively long
run times.

Algorithm 7.1 is used for the error estimation at step 9 of Algorithm 9.1. The
mesh adaptation is performed at step 12, which get executed once per multigrid
iteration. The exact choice of error functional is problem dependent. We will choose
E to be a weighted average of the optimal solution over ():

(9.6) E(x) = /qudx.

The weight function w € H?(Q) is positive a.e. on Q.

Figure 9.3 shows the convergence of multigrid optimization algorithm on sev-
eral mesh levels. We plot both the decrease in the cost functional, and in the optimal
solution error for the problem (9.1)—(9.2). For this experiment the mesh refinement
process is guided by a simple element—wise error estimator based on the scaled gra-
dient Vq". The order of convergence is consistent with the theoretical expectations:
the optimal solution shows cubic convergence with the mesh size i (for p = r = 2).
We chose ATOL = 10!, and RTOL = 102 on all iteration levels.

Remark. The meshes 7;7 and 7" may also be locally coarsened in step 12 of
Algorithm 9.1. The coarsening operation is analogous to that of refinement. Care
must be taken to maintain the mesh nesting property for 7;? and 7.
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F1G. 9.3. Convergence of the multigrid optimization algorithm: test A. The optimal solution error is plotted
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F1G. 9.4. Convergence of the discrete optimal (left), primal (center), and dual (right) solutions for test B. The
errors correspond to the converged solutions on each mesh level, and are plotted versus h ~ DoF~1/2,

Algorithm 9.1 Multigrid optimization with error-driven AMR
Require: ATOL[maxit], RTOL[maxit].
1: Define the initial guess q'* on (7:1}‘)0, and calculate u”, A" on (7).
2: Define the error functional E[q].

For example, E[q] := / w(x)q(x) dx, for some positive weight function w.
Q

3: for k = 0 to maxit — 1 do

4 Solve the primal model on (77"); to get JJ' = J"(u", q").

5. while J"/J}' > RTOL[k] and J" > ATOL[k| do

6: Run the optimization iterations on (77"); and (’7&’1);{, and update the current
approximation q", and cost functional J".

7: Construct approximation to the reduced Hessian V(zl , J" from the optimiza-

tion iterates qh and gradients th Jh.
8: end while
9:  Calculate the element-wise error indicators for all x7 ¢ 7:{‘ using Algorithm
7.1.
10:  Flag the cells with highest estimated error on (’7;7),{ for refinement.
11:  For any element x7 € (’721}’) « flagged for refinement, flag for refinement all

elements x € (7"); such that x C 9. This is required to maintain the mesh
nesting property.

12:  Refine the triangulations to obtain 37", 1 and (’7;1) kil

13- Transfer the current ontimal solution approximation a” to the new parameter
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F1G. 9.6. Asymptotic behavior of the integrals (4.29a)—(4.29b) for the a posteriori numerical experiments with
test B.

Figure 9.5 illustrates the sequence of meshes generated by algorithm 9.1 with
the numerical test B. The observed numerical orders of convergence for q", u”, and
A", are consistent with the theoretical bounds. Note that the perturbation integrals
(4.29a)—(4.29b) - shown in figure 9.3 - are sufficiently small to not affect the con-
vergence of the optimization process (figure 9.7). However, if the optimal solution
error is reduced further, the perturbations may impact the convergence process -
see equation (5.6).
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10. Conclusions. This work considers consistency and mesh adaptivity for dis-
crete parameter estimation problems. The discrete, or discretize — first approach is
very attractive in practice, because the dual and optimality equations in the KKT
set, as well as the reduced gradient of the target functional, can be generated with
low effort by automatic differentiation. However, the discrete approach introduces
several complications in the inverse solution algorithm. A consistency analysis of
the full set of KKT equations is needed before convergence of the discrete optimal
solution can be established. Investigating consistency and stability of the discrete
KKT system is one of the main objectives of this paper. While the discretization of
the primal equation is a priori assumed to be convergent, the consistency of the dual
and optimality equations does not automatically follow. We extend the dual consis-
tency framework given in [16] to cover the third equation in the KKT set, namely,
the discrete optimality condition. While consistency and stability may not hold a
priori for this equation, the analysis shows that they can be restored through suit-
able consistent modifications of the discrete target functional. The theoretical results
are supported by the numerical experiments with a symmetric DG discretization of
the primal problem. Discontinuous Galerkin is chosen as the discretization method
because of its amenability to parallel computations, and h/p-adaptivity.

A crucial ingredient in any adaptive algorithm is the error estimation step, that
guides the mesh refinement process. Previous results in error estimation are either
of limited practical use (because of their unfavorable dependence on the regular-
ization parameter, or on unknown stability constants), or are valid under the as-
sumption that the control parameter space is finite dimensional. We explain the
construction of a practical error estimator for parameter estimation problems, in
the more general case of infinite dimensional controls. The estimation process is
based on dual-weighted residuals of first and second order sensitivity equations.
The Hessian of the reduced cost functional is replaced by a low-order BFGS ap-
proximation. The use of a BFGS Hessian, obtained virtually at no cost from the
optimization algorithm, keeps computational costs of the error estimation process
sufficiently low to make it feasible in practice. The practical computations of the a
posteriori estimator is demonstrated on an elliptical problem. We will also explore
other choices of error functionals, and their impact on the quality of the inversion
process.
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