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fiexural rigidity. The (static) stability ©
£iyrs+= investicated by Euler [1] whose result was later

by Greenhill [2]. Greenhill concluded thet a vertical

column cznnot buckle if B < T7.55.

destabilizing factor. AS We chall see later, even Ihe hanging

The present paper stucies the stability of 2 neavy otating

1]

~olumn. Particular attention will be paid to the possible non -

syivizl eguilibrium states (pifurcaticn solutions).

Fig- 1 shows the origin of coordinate axes (r’.z') situated

2+ the fixed end of a heavy column roctating with anguliar velooity

T rotation and gravity are arsent, the column will remain

straight on the z' axXis. et ' be the arc length Irom the
origin and £ Dbe the loczl inclination. A 1pcal memsnt balance
on 2n elemental segment ds’  gives
m=m+dm+ pg{L-s')sin § s’ +F ces z ds’ (1)
fere m is the local moment preportional to the local curvaturs
g ,
m = EI —/— (2)
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and F is the centrifucgal force acting from s’ to L
= 2
F = i cr’ o das’ (3}
S/
we shall normalize all lengths by L  and drop zrimes. =4S (1-3
vield
62“
-3 = ~B(l-sg)sin &+ cu cos 2 (4)
as
cdu =
-_— = T Lo
ds
S
u = [ rds
v
1
. a_2 , .
where o = pL L7 /EI 1is a non-dimensicnal parameter representiig
the relative imporiance of rotaticn to flexural rigidity.
Geometrical ccnsiderations dictacte
az ar L. -
== = cos &, —= = sin & (&)
ds das
The boundary conditions are
2(0) = x(0} = z(0) = 0 (77
as .
= (&) =0, u(l) = C (8l
Tn the case when the column is hanging down, we c¢an regard 2
g5 negative,
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solve. Let us firs

u=¢C, sin Js+—C2 fatol:] Js-i-C3 sinh Js-.—c4 cosh S8

1/4 and the C's are constants. 2pplying the
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2(0) = z2 (1) =0
¥ 1/3 o - - = . P 19 =
where KX = B . EBg (13) is known as w2 Stokes eguatlon.
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non-trivial solutions Egs (14-13) give
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Phvsically this represents tne rotation of & hanging chzin

the EI approaches zserc. I (g} reduces to
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d7u | .-
{(l-s8} 2—-hu = 0
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u = c7 Jl-s J {20777 / C8 41 =5 Yl\EL 701 - ) )
(12)
Zer= J, znd Yl are Bessel functicns o©f the Zirst and seccnd kind,
order 1., Using the boundary cconditions we find the cendition

for non-trivial solution is
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1.4458, 7.6178, 18.7218, 34.7601, =tc.
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The relzticn between K and J is then

i

NIERICAEL RESULTS OF THE STABILITY BCURDARY

Tor non-sxtreme cases, Egs (9-10) have to bz numerically

integrated. We apply a zero-finding method to the eigenvalue
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solution exists, i.e., the column remains vertical cr stable
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first hifurcation has occurred., The bifurcation is a pitchfork

‘pe with the trivial solution in unstable eguilibrium while

the (buckled) bent shape is in stable eguilibrium. To the r
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curves are important for the design of rotating cclumns,

zre daetarmined, the non-trivizl solutions on the bifuzcaticn
oranghas can be found from the original nonlinszr =scuaiions
as follows. For given « anéd £ 1=t
ok
v.o= (x> (0},u(0))
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and  sl{s;v), ris:;y), uls;
initizal value rroblem Egs

the scolutions to the
e oricinal two-point

such

boundarv value problem is =sguivalent to finding & vector v
that
. d: Al

Fiy) = (== (Livi,u(l:y} = 0O (23)

P 4 ds = =
Eg (23) is solved by a combination of homotopy and guasi-Newton
maetheds similar to that described in [6,7]. TFor more details
on the homotopy methoed, see [8,9]). The cuasi-Naswton compuiar
code used is subroutine HYBRJ1 developed at Argonne National

Labeoratory (MINPACK-1}.
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