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Abstract. The notions of a balance node and the total path length
witﬁ.respect to a node u of a spanning tree ére defiﬁed. We show
that the total path length.of a épanning tree with'réspect to u is
minimal if and only if u is a balance node.. An algorithm is also
given to locéte a balance node. A proof of the correctness of the

algorithm is given and the complexity of the algorithm is analyzed.
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1. Introductionﬁ

Let T be:a.spanning tree of a graph and let u be a node in T.
The total path length of T with respect to u is defined as the sum of
the path lengths from each node in T to u. With respect to different
nédes the totél péth length of T is usually different. We are interested
.in locating a_hode such that the total path length with respect to
that node is a minimum among all total path lengths with_réspect to the
.nodes of T. Inlthis paper, the notion of a balance node 6f‘T'is defined
and é characterizaﬁion theorem is given which states.tha;.the total
path length of T wi%b respect to a node u is minimum if and only if u
is a balance node.of T. A linear algofithm is also.give; to locate a
balance gode. A proof of correctness of the algorithm is presented

and the algorithm's complexity is analyzed.

2. Definltions and Preliminary Observations

Let T be a spanning tree of a graph. The nodes in T are denoted:by
small letters (possibly with a subscript) such as u, Vi; ete., the edges:
are denoted by node pairs. such as (u, vi), and the distance associated

with the edge (u, v;) is denoted by dia, vi)°
. 3 1

Definition 1. The path length ﬁ(u ) from node u to.node v is defined
i . 9 4 )

és follows:



a ifu=vw
d(u, V) if {(u, v) is an edge-of T
K(us v) = n. : . :
Z_dtxlhl’ <. ) if there exist nodes Xgs X1 e s .

i=1
: such that u = Xgs V= X and for all i,

1=1i=n, (x4_1, Xi) are edges in T,

Definition 2, The total path length of T with respect to u is defined
as the sum of the path lengths from each node in T to u.

Definition 3. The minimal total path length of T is

min - {total path length of T with respect to u}.

u€T

Example 1. Consider the following spanning tree.

The total path length with respect to uy is 3+ 4 + 1+ (1 + 2) + (1 + 3)
+ (1+ 1)+ (L+ 3+ 1) =22 and the total path length with respect to
up is 3+ 1) + G+ 1 +1+2+3+1+ 34+ 1) = .'.By an exhaustive

search, we see that the minimal total path length is also 20.

It is qu1te natural to believe the center* [3] of a spanning tree to be

the node such that the total path length with respeCt:to it is minimal. - To see

that this is not true in géneral, consider the following spanning tree.

X A node ¢ is a center of a tree T if max {£ b= min {max {E o
— ver (0 T er e (2 )

Intuitively, s is the moddle node of T.



Example 2,

The center is ul7and the total path length with respeet to it is 14,
while with respect to node u,, the total path length is 11. Th-us,.u2
is obviously a better choice for our purpose.

Let us consider the following spanning tree T.

d(us V)

Lef {(u, v} be en-edge in T. If we delete (u, v) from T, we have fwo
rsubtrees Tlx(ﬁhich-contains 1) and T, (which. contains v). Let nj (ny)
" be the nember of nedee in T; (T2) and Ly (Lz) be Ehe tofel path length
of Ty (T ) with respect to u (v), then the total path length of T with
: respect to u is Ly + L2 + d( u, v)° 02 In this formula L1 is the path
length contrlbuted by the nodes in Tl and L, + d(u V)-nz is the path
length contrlbuted_by the nodes in Ty, since the path length with
'respect to u freﬁ a nede in T, is d(u’ v) plus the'peth length of the
same node with reeﬁect to v and there are n, nodes in Tz. Therefore;

the total path length with respect to u is Ly + (L, + diu v).hz).
. Ly V,



Similarly, the-totgl path length with respect to v is L + d(u, yyeny t Ly,
Thus, we have thatrnl 2 ny if and only if the total path length
(Ly + Ly + d(ﬁ’ ﬁ)-ng) with respect to u is less than or equal to the
total path length-(Ll + d(y, v)yenp + Lyp) with respect to v. Let us
. state this fact in the following lemma.
‘Lemma 1. Let (u, v) be.an edge of a spannirg tree T. Let Tl (TZ) be the
subtree containing u (v) obtained by deleting (u, v) from T and let the

. . . . -
| number-of nodes in Ty (T2) be ny (nz), then ny, 2 n, if and only if the
~ total path length of T with respect to u is less than or equal to the

“total path length of T with respect to v.

"3. Balance Node of a Spanning Tree

Before we present the main result, we have the following definition{

Definition 4. Assume T is a spanning tree with n nodes. Let Vis V35 .o ;
v be the nodes adjacent to a node u in T. For each i;-l 24i 2w, let
T; (T; contains v;) be the subtreé_obtained by deleting the edge (u, Vi)

from T and let oy be the number of nodes. in T;. We say that node u is a

“balance node'qf'T if n, Sn - n, (equivalently ny; < B/3) ﬁar all i,

124 fm.

Theorem 1. Thé node u is a balance node of a spanning tree T if and
onlﬁ if the tdtal.path length with respeﬁt to u is the minimal total path
length of T.

Proof. Let us_consider the following picture.



~ —_—

Let vy, vy, .+ s vy be the adjacent nodes of u aﬁd fdr each i, 1 $ i s mm,
__lét Ty (containing_vi) be the subtree obtained by deleting the edge (u, vy)
from T.

Aséume u.is a balance node of T. Let us take aﬁ_arﬁitrary node w# u
(say Q is in Ti).' Since T is a spanning tree, there exists a path froﬁ
u to ﬁ. Assumé.ﬁhe path is (wg, w1, ... , Wk),.i. e., @0.= U, Wy = vy,
W, = w, and (Wj‘i’ Wj), 1232k, are edges in T. Lef us consider the
subtree of Ti-confaining Wy (the subtree is within the dotted line in Ti);
The number of ﬁodeg in this subtree (denoted by Sj) is lgss than or equal
to ng which is the number Qf nodes in Ti. By the assﬁmption that u is

>

a balance node, we know that n - m, = ny. It follows that n - Sj z

S,
_ 3
As a consequence of Lemma 1, the total path length with respect to Wil
is less than or equal to the total path length with ;espéct to wj. Since
this is true for any j, 1 £ j £ k, it follows that the total path length
with respect to u (=w0) is less than or equal to the total path length
_with respect to w (= k)' .This shows that the total path iength with respect

to u is minimal.

Assume that the total path length with respect to u is minimal. Let



v; be an adjaéént'node of u. If the total path 1ength with respect to
‘u is mlnlmal, then the total path length with respect te u is less than
or equal to the total path length with respect to vl.' As 3 result of
Lemma 1, the numbér of nodgs in T; is less than or equal to the number
of nodes not ip ii, namely, nj *n- n,. This is true fot all 1,

124 2m. By:definition, u is a balance node of T. Q.E.D.

Examgle 3a. Consider the spanning tree.

The number of hodes iﬁ T is 9 and the number of nodes iﬁ T2 is 6 which
is greater than 9 - 6 = 3. So u7 is not a balance node and the.total
path length with;féspect to u; is not minimal.

Examgle.Bb. In the following SPanning tree, ?2 is clearly a balance

node. The total path length with respect to u, is minimal.

These concepts find appliéation in transport problems, The.situatioﬂ to
which they apply involves the movement from a central statlon to any one
of a number of stations along predefined routes. The kEy restriction:is
that the movement to a given station, while possibly passing throygh

other statlons, must have as its only goal the arrival at the chosen



station. For eﬁample, consider the delivery of heavy méchiﬁery from a
central plant br stofe yafd to construction sites. Assume only one
pieée of machinery can be delivefed per truck and that there is no
priority for delivery to any station, then locatiﬁg the store yard at
the bélance node ﬁill minimize the total miles traveled to make the
'delngries.

Before we'présent an algorithm which locates a baiande node, we
have the'folloWipg observation.
:Theorem 2. Ina spanning tree T, there are at most two balance nodes
and they are adjacent.
gzggg.._lf there are two balance nodes vy and vy whiéh are not adjacent,
then the path which connects them must contain at leasf-three nodes,

say, v

1° u, and v

2

Let 0y (nz)'deﬁope the number of nodes in the subtree Which contains

vi (vzj. Sincé_vz-is a balance node, it follows from Theorem 1 that the
number of nodes in the subtree containing u (the outer dotfed line) is
less than or equal to ny. Further, ny is less than (by gt least 1) tha.
number of nodes in the subtree containing u. . As a resﬁlt; n, <-n2.

Similarly, ny < n,- This is a contradiction.
We assume that there are more than two balance nodes in T. Then

at least two of these nodes cannot be adjacent to each other since all of



the nodes are connected by a spanning tree, which is ‘an acyclic graph.

Q.E.D.

4. Locating a Balance Node of T

Wé give a procedure which wiil determine in linear time the balance
node of a giveg spanning tree and we verify that the aigorithms used in
the procedure'aré correct.

We assume that the following functions are provided.fo us to handle
the'manipUIatiﬁn of the data structure which represenfs.the spanning tree.
Sévefal representations of graphs and techniqﬁes'for their:manipulation
can be found in' [1]. Some nodes of the spanning tree will be visited
during the execution of the algorithm. Let SUBNODEOF be s functlon of
one variable whlch returns a previously unvisited node which is adjacent
to the node given as an argument. We assume that the nodée returned is
chosen according to the.Depth—First Search method as deséribed in [4].
This method selects nodes at lower and lower levels in the tree until a
1éaf node is reached. It then selects a node by returning up the tree
until the first new path down the tree can be found. Lét PARENTOF pe a
function of onélvariable which returns the parent nqde'ofjthe node given
4s an argument.

We first déécribe a procedure BALANCE which determines a balance node
gf a spanning tree. BALANCE has one argument u*ﬁhich_méy;be any node in
the spanning tree. Upon return, u Qill be a balance node of the spanning
tree. This procédure calls a function procedure LABEL which has as an

argument a root node of a subtree and among other things it returns the



number of nodes in that tree. The details of the procedure LABEﬁ will be
given later. The broceaure BALANCE uses a variable "tested" to record
the number of.nodés that have been considered in the seafch for a balance
node. This définition implieé that if the number of nddéé tested is
greatér than or qual to n/g; then the current node u is & balancé node
becéuse no untested node can be the root node of a trée of more than

n/5 nodes.

procedure BALANCE (u);
‘.MN\M/\-"
begin
tested « 1;
- while tested < /9 do
begin
N
v < SUBNODEOF(u);
nodecount < LABEL (v);
if nodecount > B/ then
L Wy
begln.
u <+ v

tested <« n - nodecount + 1

end
sl
else tested « tested + nodecount
W . .
end
end
WS

The algorithm sceks out a balance node by choosing an adjacent node
v to the'given node u and by using the functicn LABEL_fd determine the

number of nodes inffhe subtree with root node v. If this tree contains
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more than B/ nodes, then u is the root node of a subtree with n —
nodecount . < nlzxnodes. Therefore, let v be a new candidate for a balance
node. . In thia_case we have tested (either directly or by elimination)

(n - nodecount) + 1 nodes. If there are no more than n/2 nodes in the
subtree, then count these with the tested nodes as part of a subtree of
the yet to be determined balance node. Continue testing subnodes of the
candidate for a balance node until at least /2 nodes have been tested.
The current ch01ce of u is a balance node of the spanning tree.

We use the Invariant Relation theorem [2, p. 198] to Show that the
algorithm is correct. We restate the theorem here for the convenience of
the reader. The purpose of the theorem is to verify the correctness of
the computation In a while loop of the form

while C do §

N W
where C is a condition and S is a statement (or a sequence of statements
as in a begin end block). Suppose that P & Q are relations about the
. L S TN .
variables used in the loop, then the notation

Pls]aq

means: If P is true before execution of the statements 5, then Q is true

after execution of S. The theorem can now be stated..

Invariant Relation Theorem. Provided the loop halts, R&C'l 5 ] Riimplies
R | while C do § | R&IC
AAA, v

R is called an invariant relatiom of the loop.

This theorem may be used to show the correctness of a while loop
in a given procedure by finding'a relation R among the variables in the
loop such that R describes the initial state before entéring'the loop,

R is true aftarrexeuution of the statements of the loop and R&7YC imply
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the desired résplts of -the loop.
Theorem 3. The_ﬁrocedure BALANCE locates a balance nodé of a spanning
tree. |
Proof. An invariant relation R of the 32555 loop is the following:
Given a node u of the spanning treé T and the nodes v adjacent -
to u, each.vi falls into one of two classes.
clasé-l. fhe subtree with root node vj is known to have
no more than "/7 nodes.
class 2. The node v; has not been tested.
The condition C is the following: tested = /2. Before ﬁhe while loop
begins, all of the v4 belong to class 2. After the loop halts, the
~condition R&YC implies that all of the v; which are not in class 1 are
untested nodes. Since tested 2 3/2, these nodes can only be root nodes
of éubtrees of less than or equal to /7 nodes, hence ﬁhey actually beloﬁg'
:to.class 1. By definition, node u is a balance node.
It rémainsjﬁo:be shown that R is an invariant relatidﬁ of the 160p
agd that fhé lqop.halts. ‘Assume that R holds before éntering the begin

end block of the'while'loop. A submode v of u is selectéd. Either thé
W . AV e e d

number §f nodeSjiﬁ the subtrée with root node v is less than or equal.to
-n/g,-in which'caée v is one of tﬁe vi in class 1, or theré are more_than -
/5 nodes. In the latter case the node v becomes the.éaﬁdidate node u'
and the previousrnode 4 1is one of the vy in class 1 with respect to u',
since uICan be:fhe'root node of no more thén n/2 nodes. ' By relabe}iﬁg

the node u' with the labelrﬁ, the relation R holds at the end of the begin

‘end block. The while loop halts because tested is increased by at least
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1 in every lopp.and n/z.is a fixed quantity throughéut.the procedﬁre. Q.E.D.
The principle function of the procedure LABEL ié to return the
number of nodesfin'a given tree. Because the number of nodes in the sub-
trees of the giﬁen tree may Be requested by the procedure.BALANCE, an:
additional celi-is.assoc1ated with each node of the orlglnal Spannlng tree.
In the process of determining the number of nodes in the tree, the number
of nodes in each subtree of that tree.is determined (at no extra cost) and
this number is saved in the cell associated with the .root node of that
subtree, If LABEL is called with one of these root nodes as an argument,
the number of nodes in that subtree is already known and can be returned
w1th no further processing needed. The variables used in the procedure
are
count an array subscripted by the name of each node. It isg
| used to record the number of nodes in the subtree formed
by consideriné that node as a root node. ,It is initially
set to zero.
COunfer-' a variaﬁle used to accumulate the number pf.nodes in the
Vsﬁbtree below each node. -
level .é variable used to denote the depth to which the algorithm

“is operatlng in the subtree.

Let SUBNODE be a booleéan function which returns true when.there exists a
previously unvisited_node attached to the current node and false otherwise.
The following definitions are made tc.aid in the discussion of the
procedure LABEL.

B S

Uefinition 2. A vislted subtree V of a tree T is a subtree of T such that
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the cell count(node) is positive for every node in the subtree,

Definition 6. A tree is labeled if, for each node v of the tree, count (v)

is equal to the number of nodes in the subtree with root node v.

| When LABEL 15‘called with a node of the spanning tree as an argument,
it checks.the cell count associated with that node, If §he cell is zero,
the tree with that node.as 4 roct node has not been labeled. The algorithm
labels the tree-aﬁd tHEn returns the desired value. If tﬁe'cell is
nonzero, that value is returned. | |

procedure LABEL(node):
N N I

begin
A e )
if count(node) = 0 then
LY RV VoW o)
begin
A
' level_+ 0;.

. counter < 1;
count (node) < 1;
while level > O | SUBNODE do
A L W AR
‘begin
A
if SUBNODE then
Wi Vs
begin
_\J\I\M
node + SUBNODEOF(node),
level <« level + 1;
counter <« 1
end
else .

begin
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node <+ PARENTOF (node) ;

level <« lenel - 1;

counter + counter + connt(node)

end; |
v
count (node) « counter
- end
end;
A
return count{ndde)
. bt e e
end
If the cell count associated with the given node contains a zero,

then the algorlthm begins at this node, marks its count cell with a one
and continues this process down through the tree until no subnode exists.
This is accomplished by repeatedly taking the true branch .om the test
fif SUBNODE“.. The first statement of this branch selects a subnode of the
' current node by means of the procedure subnodeof and moves to it by
a351gn1ng the returned value to node. The level is increased by one to
record the movement down the tree; counrer is set to one and fhe count
cell of the new node is set to one. This records that there is at least
one node in the subtree with thlS node as the root node. If any other .
nodes exist in- thrs subtree, they will be determined by future pProcessing
of the algorithm; The count cell is used to accumulate the number of
nodes of the subtree. This is accomplished by taking ‘the false branch from
tne.test “if SUBNODE". In thlS case, there are no subnodes and so the

algorithm moves to the parent node. The level 1nd1cator is decremented

by one to record the movement up the tree and counter is increased by the
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number of subnodes already known to this node. Since the algorithm is
moving up from a b}anch containing more subnodes, counter now contains the
number of subnodes currenely known to this node. If subnodes exist whichr
have not been accounted for, the algorithm moves down to these nodes. If
they have all been explored, the algorithm moves u? to the parent node of
this node leaving the number of nodes in that subtree in the cell count(node)
and ‘carrying this number in the variable counter to the next level. When
the algorithm returns to the original node and no unexplored subtrees of
this tree exist, then the number of nodes in the tree is contained in
count (node) and this number is.returned.as the function value. As we did
in Theorem 3, we use the Invariant Relation theorem to show that this
algorithm 1abels tﬁe nodes correctly,

Theofem 4; Given the root of a tree and an array count as speeified
above, the.functlon procedure LABEL labels an unlabeled tree and returns
the number of nodes in that tree.

_Egggi. If the tree is labeled or if there is only one node, it is clear
that the algorlthm returns the correct value. Assume that the tree is
unlabeled. An invariant relation R of the while loop is: .

The visited subtree having the current node as a -root node
is a labeled tree,

The condition C.is: level > 0 , SUBNODE. Before the whlle Ioop begins,

the visited subtree is the subtree consisting of the root node. Since
the count cell for that node contains a one, it is labeled. . After the
loop halts, the condition R&7C implies that the whole tree is the

visited subtree,.since level = 0 and SUBNODE is false, and that it is

labeled.
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It remains to be shown that R 1s an invariant relation. of the loop
and that the loop halts. Assume that R&C holds beforé entering the
Bsgi& end biock'of the Egiésiloop. If a subnode ex1sts, then move down
to that subnode and set count(node) for that subnode to one. That node
is now the visited subtree, it is labeled and the relarion R holds.
Assume that alsubnéde did not exist. By assumption R, the visited sub-
tree with this subnode as a root node is labeled Since there are no
unvisited subnodes to this subtree, the whole subtree is 1abeled Hence,
both count(node) and counter contain the number of nodes in the subtree.
Since C is true,,level > 0, so we can proceed up to the'parent node. The
value which is-containé& in the cell count(node) for the parent node is
the number of nodes in the visited subtree of the pareﬁt node just before
the algorithm deécended to an unvisited subnecde. By addlng count(node) to
counter, counter contains the number of nodes in the new visited subtree.

This is the subtree consisting of the. old visited subtree union with the
subtree with root node the .current subnode, By setting countér into
count (node) for tte parent node, thiérsubtree bedomes ariabeled subtree’
and the relation R holds. The EE%%g'ioop hales becausé there are only
a-finite number. of nodes to be tééted, once the algorithﬁ'selects a
subnéde as a new subnode it will not select it again éndlif no new
subnode exists, level isg reduted by one. Q.E.D,

Another.ﬁérsion of the procedure LABEL isg now given. We can see that
this procedure is_simplet if we allow recufsive call in it, ' The proof of

correctness of this procedure is ignored.
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Procedure LABEL(node):
\/W
heln |
if count(node) = 0 then
(WL ) . WA
begin -
VA
count (node) « 1;
while SUBNODE do
SAAA W
count (node) + count(node) + LABEL (SUBNODEOF (node) ) ;

end
WS

return (count (node));
B T PV .

end
AT

5. The Complexity of the Algorithm

We éhow tﬁat in the worst case the procedure BALANCE.wiil locate
a balance ﬁode of a spanning tree with n nodes in approximately 5u/p ﬁode
visits and in the best case it will take approx1mately n/2_n0de visits.
We first prove a lemma.
Lemma 2. The algorithm LABEL will label a tree with k nodes in exactly
2k - 1 node v151ts |
Proof. The proof is by induction. If k = 1, then 2.1 = 1 =1 and it 15
clear form the algbrithm that one nede is labeled in one node visit.
Assume that thexaigorithm LABEL wiil label a tree of k nodes in 2k ~ 1
node visits. Consiaer a4 tree of k + 1 nodes. If we,reﬁove any one leaf
node, tﬁere remains a tree of k nodes, which by éssumptiop can be labéled

in 2k - 1 node visits. Now réjoin the (k + 1)st node and consider the
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extra visits needed to label the whole tree. One more visit is needed
by the algorlthm LABEL as it descends to this node on the branch SUBNODE =
true. A second node visit is needed when the algorlthm returns to its
parent node after flndlng that SUBNODE = false. This is the only effect
that this node w1ll have on the actions of the algorlthm. Therefore,
the number of nede visits is equal to 2k - 1 + 2 = 2(k + 1) —_l. Q.E.D.
Theorem 5. Let'T be a spanning tree withn 2 3 nodes; The procedure
BALANCE will locate a balance node of T in the worst case in 2(n - 2) +
Fn/21* node visits and in the best case in rh/é] node v151ts.

ggggg Let u be the first node chosen as a candidate for a balance node
of T. Let Vi 1545 m, be the adjacent nodes of u and assume each
subtree T; has ny nodes. Note that n = 1 + L5 A nm. The worst
case.will occur when the algorithm has to label each of the subtrees
with root node.vi. This is the case whenever a leaf nede of T is chosen

because the remainder of T is the subtree of this leaf node, By Lemma 2,

the number of node visits (¥) to label eévery subtree with root node v; is

m .
N(m)='1+z(2ni-1)=1+2- Zng ~m=2(-1) ~ (m- 1),
i=1 i=1

The one accounts.for first visiting the node u.

For fixed n, the function N(m) is a maximum when m = 1. In this case,
N(1) = 2(n - l). After all of the nodes have been labeled the greatest
number of node visits needed to locate a balance node is fh/27 This
is because the while loop will halt when "testeé" is greater than or equal'

to n/z and ‘at 1east the Ewo nodes u and v have been tested by BALANCE

already. Lombining these two values gives the total number of nodes visits .

*The_notation;fkl'means the.ceiling function of x.




in the worst case:

20 - 1) + [,] - 2= 2( - 2) + M/,].

Tﬁe functien N(m) is minimized when m = n - 1. That is, when each
' v; is a root node of a tree with only one node. In thlS case N{n -~ 1) =

Actually T looks like a spoked wheel with u at the center and the Vis
154 fn- 1, at the end of each spoke. In this case u is the balance
node and the algorithm will halt after visiting only rh/il nodes. This

is clearly the best’ possible case because a minimum of rh/éq nodes must

be V151ted before the algorithm will halt. Q.E.D.
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