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Description.

.ihtrbduction, This preogram uses Bairsfow's method to find thé real and .
complex roots of a polynomial with real coefficients. Thére_are several reasons
for developing a foutine'based upon Baifstow'sfﬁethod. It is sometimes the
éase that all of the roots of a polynomial with real coéfficients are desired.
Bairstow's method provides an iterative process for finding both‘the real and
‘complex roots using only real arithmetic. further, since.it is based on
Newton's method for a system of two nonlinear equations in two unknowﬁs, it
has the rapid convergence property of Newton's method for systems of equations.
The major drawback of this ﬁethoa is that itlsometimes fails to converge
[11, p. 110]. This is because it is difficult to find an initial starting
gﬁgss which Safisfies the strict conditiomns neceésarf to éssuré convergeﬁce.
When these conditions are not satisfied, the sequence of aﬁproximaﬁions may

jump away from the desired roots or may ‘iterate away from the roots indefinitely.

Improvements. The basic Bairstow algorithm has been imbedded in a
total algorithm which improves the reliability'of this method. The total
algorithm contains the following improvements over the basic Bairstow algorithm,
i. The program obtains an.inifial appréximation to two roots of the polynomiai
and ‘uses these two roots to estimate initial starting yalues for the |
Bairstow interation. These values are the coefficients p and q of an
approximate quadratic factor, 32'_ pz - q, of the given polynomial.,
2. During tﬁe Bairstow iteration, a check is made for nonconvergence due to

interference of a real root, The real root is determined; the polynomial




3.

is deflated; and initial starting coefficients for a new quadratic factor
are determined. v

To reduce the possibility that the Bairstow_iteration proéess will produce
aﬁ_approximation which is a'significanf step away from the desired pair of
rdots; the convergénce process is monitorea by.keeping a record of the
"size" of the polynémiél at the last approximation and comparing it to the
"size" of the polynomial at the current_aéproximation;

Anform of'Hornet's method for the "éynﬁhetic" division of a polynomial by

a quadratic polynomiél is used which avoids the deliberate introductioﬁ

of fhe loss of significant digits in the calculation of the constant term in
the remainder,

A test is made to detect when the scheme is csnverging to a multiple root.

In .this case, convergence is slowed and only a limited number of significant

digits in the root are obtained. The multiplicity of the root is determined,

the root is found to the required number of significaht digits and thé
polynomial is deflated to eliminate the multiple root.

The algofithm is written in modulér form.- This makes programming and

debugging easier, as well as méking it-stfaight—forward to modify the algorithm

by substituting a new module for a present one. For example, it may be

that an efficient and yet more accurate method is developed to find initial

aﬁproximations to the coefficients of the quadrétic factor;. This method

cou%gieasily by incorporated into the algorithm by rewriting the subroutipe-

START using this new method., The rest of the algorithm would remain unchanged.
_ Tﬁe logic of each module is constructed from three basic.structures._

Two of these strﬁétures are basic structures of smooth progfamming [¢].

The third structure is an-adaptation of a smooth programming structure. To

only allow the structures which are currently being offered would complicate



the programming of ﬁany numerical pfscedures. This author believés that the
ability to branch out of a loop is eééential in\n;merical'programming and,
therefore, a structure which allows this type qf logic-is necessary. Knuth
and Floyd [12] expressed the need for the saﬁe type of structure to be used in

describing table-searching algorithms. The three structures are shown below,

The first two are standard structures in smooth programming.

e
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7. The program is written in ANSI Basic FORTRAN (1], except-for the use of
double precision constants, variables and functions. This sometimes
reduces the clarity of the code aﬁd it often increases the number of source
cards needed, but it makes the algorithﬁ compatible with most FORTRAN
éompilers. Writing a program of this size in ANSI Basic FORTRAN requires
subgfantial documentation. It is necessary both becau;e of the size of
the programrand.because'the 1anguége itself cannot be used to clearly

describe the algorithm,

Method. Suppose a polynomial P(z) is defined(py

= n n-1 ’ ' _ i
P(g) az + an_lz + ees + a,z + ag, \ (1)



where the a, are real and z - is a’édmplex.argument. Bairstow's method attempts
to find a quadratic polynomial F(z) =-~lz:2 - pz - q.which is a factor of P(z).
If such a polynbmiai can be found, then the roots of F(z), and hence two roots
of P(z), can be found by the quadratic.formula; : |
Firsf, the polynomial is checked to ﬁake sure that the cbefficignt an‘is
nonzero. If it is zero,.the degree of the pelynomial is reduced by one and the
test is repeated. Second;_any trivial_roqfs are removed. ‘That is, if the
constéﬁt.coefficient is zero, fﬁen zero is a root of tﬁe polynomial and we
need only apply the Bairstow iteration to find the nonzero rootsf
The next step is to reduce the effectivé degree of the polynomial. For
. example, the problem_of finding the roots of a polynomial a4z4 + a222 + a
can be reduced to finding the Toots ;i and Eé of the quadratic polynomial

2 _ : B
aiz + ayz + ay and then solving for the roots of the original polynomial:

+ ;i_and + E;. This process ié.carried out by the subroutiné ﬁEDUC. kEDUC
uses GCD to find'thé éfeatest common divisor, say k, of the exponents of the
terns of P(z) with non—zer§ coefficients. if the greatest common divisor is
‘greater than one, then the polynomial is reduced to a polynomial of degree

ﬁ/k and the gréatest common divisor is saved so that ‘the roots of the original
polynomial can be found as the kth roots of the reduced polynomial [11, p. 103].

The preprocessing of the poljndmial is éoﬁpieted by caliing the subroutine

NORML tqipormalize its coefficients so-that each coefficient is of ‘maximum
modulas éne, This not only guards against the possibility of obtaining an
arithmetic overfiow during the calcﬁlation of the value of the polynomial,

it perﬁité a more accurate approximation of a zero of the polyhomiél. This

is because the values of the polynomial around a zero fluctuate within a smaller

range than would be the case withdut scaling.



We are now ready to determine the roots of the polynomial. The firs; step
.is to find iﬁitial approximations to'ﬁ and q, tﬁ;”coefficients of a quadratic
factor-z2 - pz - q of P(z)._.Wé can caleculate initial values of p and ¢ if we
can_find initial appréxiﬁations to two rqots of the polynomial. To limit the
areé.of search for these initial approximations, we divide the complex plane
into four regions and sedrch these regions one at a time for initial app:oximations;
The plane may be divided into two regioné by nbting-that under the tranéformatioﬁ
?(z) + P(z) = 2%P(1/z), each root of.the fransforﬁed polynomial is the
reciprocal of a root of P(z).

Thus, for r > 0, a root of P(z) either lies in the region {z| 0< |z] <1}
or in the region {zl 0 f_l/]zl_i 1/r}. We need to find a suitable choice for
r, so that both regions will contain some of the roots of P(z).. If each of
the roots of P(z) is real, then the pro&uct of all its roots is equal to
(vl)naolan. 'If we let r be the geometric mean r-1-»/-16.“,3/::%1] of all of i;s_rdots;
then some roots will ;ie iﬁ each region. It is natural to ask if this same numbér
is reasonable when some of the roots of P(z) are complex. We dhow next that
it is.
| . Each monic‘polynomial with real coefficients may_be factored int§ the
produét of linear and quadratic térms, all with real‘coefficients, where each

quadratic factor represents a pair of complex roots:

k 2 . n ,
P(z) =1 (z° - Pjz - q4)°I (z - ci)'.

a i=1 i=2k+1
Therefore, the constant term with absolute value lao/an, is a product of the
cié-and the q 8-

Each quadratic polynomial z2 - p%z - q has roots

p+ \/"(Dz + 4q)i where éz + 4q < 0 and 1 =v-l.




The distance of each of these roots from the origin is

2t/ -7+ 4ot =/(P.)2-+ (i: J-6* + 4'q>) NS
2 2 2 5 |

The contribution of eachiterm_-qi (i'? 1?...5k).to the tern ]aO/anI is the
product of ‘the distances of thé corresponding roots from the origin., ' Therefore,
it is also appropriate to define r to be the geometric meanf?[aolanr in the case
that some of the roots are complex.

Since complex rooté occur in éairs, one being the ¢omplex conjugate of
the other, it is sufficient to restrict the search to that portion of éach
of the,above regions where the imaginary part of z is nonnegative, If we write
z =2z + yi, wﬁere X and y are real, theﬁ we need only search that portion of
" the above regions where y > 0. Each of these two regions can be further
subdivided by first considering the half where x >'0 and then the half where
¥ < 0. The search for approximate roots begins in the regiom

R1 = {é| z=x+ yi, 0<x<r and 0 < v < r}t.

After as many roots as possible have been found in this region, the search
is continued in the region

Ry={al z-x+yi, r<x<0 amd0<y<ah

After as many roots as possible have been found in this region, the transfor-
mation P(z) + 2'P(1/z) is made by reversing the order of the coeffipients of

P(z). The regions R and R, are searched for the roots of ‘this new polynomial

P(z) in the manner discussed above. Only the roots found here are the reciprocals

of the roots of P(z). Each time a root is found, the polynomial if deflated
and the process continues with the new polynomial. When the fourth region
yilelds as many roots as it can, the transformation is made which returns the

deflated polynomial to the state of the original pdlynomial and the cycle through



the four regions begins égain. This continues until a polynomial of degree
two or les; femains. In this case, ﬁhe reﬁ;ini;g roots are found directly.’

Once one of the four regions has been selected, the subrogtine‘STARf is.
called to calculate an initia} guess‘(po? qo) to the coefficients of a
quadr#tic factor zz - pz -~ q. The subroutine START performs three functions.
First, it‘;pcates those régions in which rcots of the polynomiai may lie.
Second, it finds a pair of approximate roots. Third, after it has located
a pair of roots, it provides an upper bound on th; modulég of the polynomial
at the two roots. This is used in the iteration subroutine CONV to mbnitor-
the convergence of Bairstow's method, This is important because any initial
guess for p and for q, while they may be close t6 the true solution, may
produce a.denominator in the correction factors Ap and Aq which is near zero.
~ This causeé an unusually large iteration steﬁ, often away from the desired
solution., | |

To locate a root of the.polynomial in the chosen region, the modulas of the
ﬁolynomial is approximéted by a bivariate polynomial of degree 2 over that
:egion. In particular, the modulas of the polynomial is calculated at the
six points 0, r/2, r, [r]i/2 ]r]i and r + |r|i, where r is plus or minus the
geometric mean of the roots of the polynomial, The sign of r indicates whether
the chosen region is to the right or to the left of the imaginary axis. The
‘coefficients of the bivariate polynomiél

2 2
x + agy

Py f(x,y) = a, + alx +.azy + a3xy + a,
which interpolates to |P(z)| at these six points can be solved for directly
because of the selection of the interpolating points} The minimum of this
polynomial occurs ét the point at which both of its partial derivatives are
zero. This leads to a system ofiyp linear equations in two unknowns, which

‘can be solved by Cramer's rule, provided the denominator in Cramer's rule is



ﬁbnzero. 1f tﬁe &enominator'is zero §r if_;he minimuﬁ ddés not lie.in the
region, theﬁ the initial approximation to a r@ot is taken to be thg_minimum_
of this biQariatevpolynomial along the béundary of the region. A check is
made to be sure that thé modu;as of tpe-given polynomial at this root is
"sufficieqtly" near zero, By this we mean that the modulés.of the polynom;al
at the approximate root must be.small_compéred:to the width of the regioﬁ.

If the approximation is complex, then it and ;ts complex conjugate are
ﬁsed to caiculate the initial values P, and 9y If it is nearly zero,rthen
. we choose Py = 0 and q, = 0. If it is real and nonzero, then we must find
another root to be used to determine P, and 9, One could use START to
approximate another root. If we used the same region, we would obtain the
same approximation. We could use another région, but that would require a
considerable amount of.ektra computation. Besides, the next abproxiﬁation
may be complex, not real. To obtain another reai root, the aésumption was
made that there exists a real root of such ﬁagnitﬁde that the geoﬁetric meaﬁ
of the two real roots would equal the geometric mean of all the.roots. Whlle
- it is p0551b1e to construct polynomials which do not have this property, this
method usually gives a reasonable guess at a root, Even in cases where this
guess is inaccurate, Bairstow's method éonverges, although in a greater'number
of iterations. In‘the case that the.poiynomial is of odd degree and bnly one
real root exists, the 51ngular real root is detected early in the Balrstow
\iteratlon and the Birge-Vieta method {6, p. 34] is used to find it rapidly.
The remaining problem is to determine the sign of the approximation to the
second real root; Sinée the magnitude of the first.approximatibh is less
than the geometric mean, the magnitude of the second approximation will be
greater than the géometric mean., . First check the sign of a _/a_ . This number

n-1'"n
is the sum of all the rdots and its sigﬂ will be dominated by the sign of'the



larger roots. .If it is negative, then the larger foots are positive. If it
is positivé,‘then the larger roots are négafiver"lf it is zero, then either
the roots are pairea about ﬁhersame size, only opposite.in sign, or there are
several.smaller roots~of.one sign and a few larger roots of opposite sign;
In either Case we want fo choose an approximation of opposite sign and on the
other sidé of the geometric mean from the first approximate root., These two
approximati;ns are used to calculate the inifial values Po and-qo.

VTﬂe subroutine CONV is called to determine if ' a quadrﬁtic ﬁolynomial
22 - pz - q is é factor of P(z). A gene;alization of Horner's method is used
to determine the coefficients of the linear rémainder obtained by dividing
P(z) by zz - pz ~ q.  If we denote the duotient polynomial by Q(z), tﬁen
P(z) may be written

P(z) = Q(z) (22 -pzg-q) +r z+ Xy

1

where ' ' ' (2)
n-2 n-3 .., _
Q{z) = rnz + rn_lz .+ T+ T,z + r2.

We use a form of Horner's method which avoids the certain introduction: of error
into the calculation of o due to loss of significant digits. For n > 3, the

iterative scheme to calculate the coefficients given in (2) is

(3)
T, = a +.pr + qr for k = n—2,...,1

k41, k+2

0'" ag + qr2

2]
|

We briefly explain this important variation in the calculations. A different

form of the remainder term, namely

P{z) = Q(z)(z2 - pz —_q) + rl(z -p) + ry
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leads to the iterative equations [4, p. 60]

rk= ,ak + Prk.l_l + qu+2 fO'r k = n"z,.-:,o.

_ Note that cbnvergence to the desired quadratic factor necéséarily introduces
a loss of significant digits in tﬁe cglhulation'oﬁ rl =a; + pr2 + qr3.

This is because a, is a fixed number and rl approgches Zero as z2 ~ pz - g
+ qr_ must

2 3

and the result of the additiom is a loss of significant digits.

converges to a quadrétic’factor of P(z).- Thus the quantity pr

1

This results in an error in the calculation of ro = a0 + pr

_approach ~a

1 + qr2 because

p is multiplied by a factor with few, if any, siénificant digits [8, p. 646].
We use the iteration scheme’ (3) which gvoidé the deliberate introduction of this.
‘error. |
The original choices (po, qo) for p and q will most likély not resulr in
thé coefficients r1 and ro being equal to zero. Thus, we must solve the system

of nonlinear equations

. rO(P:Q) = 0

OI

* rl(p,q)

Newton's method for systems of nonlinear equations gives an iteration scheme
q

to improve the original approximation to p and q as follows:

v

pn+1 =P, + Ap, 9oy = qn + Aq, n = 0,_1,'2, cen
where _
Ap = rbgf__'g._ - rl_?_EQ_)/i, Ag = Gliig - ra?_ﬁ_)/i, %) |
~aq 3q op ap
and ' '
d =‘3rl Bro - Bro Brl .

9p 9q op 9q
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Here ri aund r0 and their partial derivativeé are evaluate@ at (pn,qn). Tﬁe
ﬁroblem isxto find valueé for the partial derivatives of both_rl(p,q) and
-ro(p,q) yi;h_respgct to p apd q. The method proposed b& Bairstow was tortake
the partial derivativgg of ea;hiquation ;n the.iterative scheme (3) and to
use the resulting equations to calculatelthe partial_derivatiﬁes in (4)

numerically.
If we calculate the partial derivatives of each of the equations (3) with

respect to p and set i1 = Brifap, i =0,...,0-1, we have the iterative scheme

s n a
Sn—l = rn—l + psn

for k = n-2,...;2

+ 45y, :

8, =T f pPs

k

1 = 955

k+l

@
n

If we find the partial derivatives of each of the equations (3) with respect.

to q and set titg = ari s 1 = 0,04.,n=2, we have the iterative scheme
, SE—
tn = rn
t = + pt | : -
t = rk-+ Pt + qtk+2 for k = n-2,...,3 -

t, = + qt

2 2 4"

Note that the calculations to find.s; and ti’ i=mn,,..,3, are exactly the same,

8o only one set of the eqﬁations needs to be used. The set df equétions (6)
‘may be tsed to calculate each of the four partial derivatives needed in (4).

This is because
]

or of r
1=t 0 = to, _1=18y= t, + pt3, and

%3 B
0 =8, = qt,. {7
3q 3 dq op 1. 3

o
Using (7), Ap and Aq in (4) can be written
-_ro(t2 + pta))/d | '(8)

Ap = (r0t3 - rltz)/&, Aq =_(r1qt3
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where
' ) d = (t2'+ pt3)t2 - qtif
New approximations to p and g can.nOW”be_Calculgféd from (4).

| In the Birge-Vieta metﬁod; the value of the derivative of the polynomial at
thewiteration point xn'is foupd by;tg#ing the quotient pglynomial obtained by
diyiding P(x) by (x - xn) and evaluating it at X . In a similar manner,'£he

evaluation of the variables ti, i=m1n,...,2 in (6) is equivalent to dividing the

quotient polynomial

- n_2- n-3 LI s . .
Q(z) = r 2 + rn_lz + + T,z + T,
by the quadratic factor 2% - pz - q. The polynqmial may now be written
R(2) = (6,24 4 e T ek 1) (2 - pz - ) - ®

+ (t32 f tz)(zz ~ pz ~ q) + r 2 + Ty
If the solution 22 - pz - q is a multiple factor of P{z}, equation (9) shows that
t3 and t2 must also approach zero. The calculations (8) indicate that the denom-
inator in Newton's method for nonlinear equations in two variables apbroaches ZeTro,

" Thus, the rate of convergence will be slowed as is the case when converging to a

multiple real root using the Birge-Vieta method.

Because Bairstow's method has the problem that it sometimes fails to converge
—ﬁr that it even diverges, it is.necesséry to monitor its progress at each iteration.
Before the next values of p and q can be determined by (4), two checks must be made.
‘First a test must be made to sée if the'curreﬁt.approximate values of.p and ¢ are at
1east as good as the last appro#imations, that is, whether or not the iteration is
wandering away from the desired solution. This test iS'mage by calculating the
.absolutéhialhe of the product of the polynomial evaluated at each of the two roots

of the equation z2 -.pz - q, [11, p. 110]. The value is denoted by NORM in the

program., If 215 2, = (p +\ L 4q)/2, then

2
NORM = [p(zl)p(;z)l = | (r1z17+ ro)(rlz2 + ro)] = ]—rlq +rr

2
. 10
oF1P + rol | (10)

i3}
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This value is compared with the value of NORM from the previcus iteration.
If ;he valueé do not increase, then it is aséuméatthat_the iteration scheme
is not diverging and a new P aﬂd q are calculated from (4), If the present
value of NORM is larger than ;he previous value, then half the previous values
of Ap and Aq are used as corrections to the prévious.valﬁes.of p and q instead of
continuing the usual itefation process. That is, if the last step-ﬁoved_too
far away, then make a step which is only half ihe distance in the same |
direction. | |

Even if the steps are not diverging, it has been shown by Gabler [10] that
the: Bairstow iteration may continue indefinitely without converging to a
quadratic factor of P{z). The problem is determined by the following theorem,

due to Gabler [10].

~ Theorem. If P(z) has a real root z = k and if for some index n,

2 _ :
k =pk-q =0 (11) . .
o st

is true, then it is also true for the following index (and therefore for all
further indices):

2

K kegq . =0,

T Potg nt+l

Geometrically, this theorem saysrthat all of éhe iterations from some boint
on will Be confined to the line {(p,q)l k2 - pk - q = 0} if the iteration (4)
happens to land on that line.  In practice, the iterations will pafallel this
line ifbéhey-come close to it. The use of this theorem in our algorithm | |
depends upon the number of real roots in P(z).

If the polynomial has only one real root, then the iterations will continue
indefinitély because complex roots are found in complex conjugate pairs and

2 _
Z =~ pX - q always has the factor.z - k corresponding to the real root k whenever

k2 = pk - q = 0.



14

If there is morg than one real foot, there is a line in the p,q-plane
determined by each distinet realrroof and thé iééfation will follow any such
line if it finds it. If the réal root k is a multiple root, then the line (11)
at_the point P, = 2k and 9 =.fk2 yiglds;a quadratic factor of P(z). . 'This is
becauée (; - k)2 = zg - 2kz + kz. For aﬁy.two distiﬁct real roots, there is
some point in the p,q-pléne_where the lines generated bﬁ these two Qoots.will

intersect. To see this, suppose that k, and k2 are distinct real roots of

1
P(z). The line in the p,q*plané corresponding to ki iél{(p,q)l ki - kijp - ¢ = 0},
Solving for the intersection of these two lines leads to a system of two
linear equations in two unknowns. The determinant of this system is ki = ko,
’ which is nonzero,\since kl # k2' _Therefore, there exists a unique solution

(the point of intersection is p = k; +k, and q = —kikz).

2
To identify the case of a single real root k;.ﬁote'from (2) ﬁhat'fo: anj
_pair p,q such that k2 -pk~q=0,0="P(k) = ry(p,k + ro(p,q). Therefore,
if —ro(p,q)/rl(p,q).remains relatively constant.for several successive approxi-
mations to p and q, then it ﬁight be the case that the iteration scheme (4) is
_stuck on or near a line in the p,q—plane'cofresponding to a geal root. Moreover,
tﬁe re;i root is ﬁeariy equal to this fatio and so it.provides a good Initial
approximation for the Birge-Vieta method. Once the feal root has been determiﬁed,
the.polynomial may be deflated and the search continued with this new polynomial.
In this way, future ca;culations will not be influenced by the real root.

If there. is more than one real root, we.would like to ﬂave‘Bairstow's
method converge, possibly along the line determined by one of.the real roots,
to a quadratic factor which will yield two roots. To prevent the tééhnique
éxplained in the above paragraph.from interrupting the Bairsto; itefation in the
case of convergence to two real roots, the modulas of the polynomial at the

Il

) S . .
two roots of z - P,% " 9y is considered. If the measure given by (10) indicates
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that convergencé té'a quadfatic facfﬁ; is possible, then a real root is not
isolated. When two roots are £ouﬁd, the polynomial is deflated and the process
is repeated witﬁ-this.new polynomial, |

If one or two roots were not found, ;hen a test is made to detect-if the
iterative scheme is conve;giné to a mﬁltiple root. The fact that the denoﬁinator
in the calcuiation of Ap and Aq approaches zero as'p and q approach a quadratic
factor correspoﬁding to a multiple root introduces roundoff error into the
calculation. This prevents convergence to more than a limited number of
significant digits. If the polynomial has a multiple root @, either rezl or
complex, then o will be a root of the derivative of the polynomiél. The sub-

* routine HULT is callea fo find the multiple roots, It uses s straight-forwatrd
calculation to find the algebraic derivative of a polynomial according to |
the definition and to test to determine if 0 is a root of this derivative.

CIf P(i)(u) =0, £ =0,.0.,3-1, and P(j){a)-% 0, for 5.> 0, then o is a root

of multiplicity j aﬁdfP(j-l)(z) may be used to find the root without the
problems of roundoff error due to a nmear zero denominator in the calculation
‘of Ap and Aq. When the root is found to the number of signifi;ant digits
desired, use the root to deflate the polynomial P(z) j times. A check is made
‘at each step of the deflation to be sure that.u ié truly a zero of the
remaining polyhomial.

If at least one root was foﬁnd by either the Bairstow ?teratioﬁ, the
 imp1eme$;ati6n of the theorem of Gabler or the subroutine MULT, then begin
'the search for anothér root in the'éame region, Otherwise, select thg next
;egion and search there for a root. “

Several auxiliary routines were used in the program. Some are available as:

part of the FORTRAN library. The.remainder are described briefly here. Two

functions included here.are KROOT and VALUE, KROOT determines the kth root of
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the absolute value Pf a given number. The algorithm is a genefalization of
_the_algorithm in Conte [4, p. 39] to calculate the square root of a number,
Given a real number a and aﬂ iﬁteger k > 1, the number ¢ is divided by‘2.k until
for éome integer j > 0, B = a[(Zk)j and 0 < B <1, Newtqn's.method for nonlinear
equatidns is used to find the kth root 6f g, sayIY. Then the kth root of a is
(B-ij)llk =.Bllk'2j = Y’Zj. The function VALUE uses.Horner's method to. |
~calculate the value of a polynomiél at a given point. The modulus of this
value is refurned by the functian. |
The subroutine BIRGE is the ﬁirge—Vieta method to find the real root of a
polynoﬁial [6, p. 34]. Given the polynomial and an initial approximation to
a root, the root is returned. The routine uses the subroutine HORNR to find
the value of thé poiynomial and its derivative at the approximate root by
répeated application of Horner's method of polynomial evaluation. These values
are used in Newton's method to find a closer approximation to the roo%. As
was the case with BaifstowAs method, the sequence of iterations must be
monitqred to be sure that théy do not step éubétantially away from the root,
If the "size" of the polynomial at the iterations increases, a smaller step
-awgy'from the_prévious_approximation is taken instead.
The subroutine NEST uses the sets of equations (3) and (6) to calculate
‘ﬁhe coefficients ry and ro of the linear remainder of the polyﬁomigl
dividéd by z2 -~ pz - q, the éoeffiéients r, (i=n,...,2) 6f the quotient
polynomial obtained and the coefficients t, and ty of the linear remainder
of this quotient polynomial divided by 22 - pz - q;.
Two utility routines are EDGE and GCD. EDGE is used by the subroutine
START to locate the minimum of the bivariate quadratic polynoﬁial along a
sfecified edge of the region being searched for a root. It ié called fdﬁr

times, once for each edge of the region. The other routine GCD, for greatest
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common divisor, is used by the subrouting REDUC to find the greatest common
divisor of the exponent of those térﬁé of fﬁe polﬁnomial-haviﬁg-nonzeré
eoefficients. Thée Euclidean algorithm is used to find the grgatest‘common
divisor of two given pbéitive_integerg [2, o 159].

Since the effective degree of fhe pplynomial may be reduced by the
subroutiné REDUC, the roots of the original polynomial may be the k kth
roots of this reduced polynomial, These roots aré'found by thé subroutines
ROOTi and ROOT2, If a single real foot_of the réduced ﬁolynomial is
determined, the subroutine ROOT1 is called té find the k kth roots of this
root. If a quadratic factor is determined, the subroutine ROOT2 is called to
find the 2k roots associated with the two roots of the quadratic factor. The
algorithm is an application.of de Moivre's theorem and the details can be
found in Hémming {11, p. 103]. Further, if fhe roots found by either sub~
.routine are the roots of the transformed poiyﬁomial ﬁkz), tﬁen the reciprocals
of these roots are the roots of P(z). This function is also provided by ROOTL
aﬁd- ROOT2. |

Several double precision functions are needed from the FORTRAN library.
They are DABS, DMINI, and DATAN2. DABS is an inline function which finds the
double precision absolute value of the argument. DMINl returns the minimum
of the two double precision arguments, 'DATAN2 calculafes the arctangent

of a number in the form a/b. The result is in radians, between ~7 and 7.

i
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