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ABSTRACT

A space X is defined, the points of which are trees which possess a
unique name property. A topology is defined for X based upon partial order.
The topology is shown to be.reasonably natural relative to the rationals.
The topological space is shown to be neither Hausdorff nor T,. The implications
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of this for program convergence are discussed with examples.



1. Definitions

It is natural to represent the state defined by a block struc-
tured language by a tree whose leaves are [name, value] pairs.

For example, consider the Algol fragment:

begin integer x, y;

e
il
e

The state defined by this fragment may be modelled by the tree:

1]



Formally a tree with root x is a finite graph such that each
point except x is the end point of exactly one edge, x is the endpoint
vl no edge, and the graph contains no cycles. [1 ] Contrary to

general usage we consider a single leaf to be a free.

A trec A is a maximal subtrec of a tree B if there exists no
tree C such that A is a proper subtree of ¢ and C is a proper subtree

is B. If A is a maximal subtree of B we write A £ B.

Let Q denote the field of rationals and ¥ the ring of integers.
Let L be a denumerable set such thatt, f, u & L. Although Q con-

tains an isomorphic copy of Z, Qn Z = 9. Let L n Q = Ln2Z = (.

TLetV = Qu Z v L. Let N bhe a denumerable set of names such that

N naV = §. The Cartesian product N x V forms the set of leaves of

the trecs we define.

If Xy XZ’ e, X } is the set of maximal subtrees of a
n

tree A, we write A = (xl, Ko ey xn}, which is less graphic but

more tractable typographically.

A tree A with leaves in N x V possesses the unique name pro-

-
perty if for each subtree B of A and each pair of leaves |x, x'] and

[y, y'] of B, x = y implies that x' = y'. If a tree possesses the unique

name property, it is clear that each subtree possesses the unique natne

property,



We define the data space X as [ollows:

I.) ifx¢& N x V, thenx & ¥X;

x B X and if (x
n

X ce M)

1° .2, e s g Mn

possesses the unique name property, then

{x,, X, -..%x } £ X,
n
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This same construction has been studied by the author else-

_ ]
where in connection with programming languages. E?'-J




Lo A Topology for x.

Throughout this paper we use the deflinitions, nolation,

and theorems of Kelley[Z] .

If x and y arc elements of X, say that xRy if x = v or
there exists a set {x, al, o aoy an, };} (called a chain) such
that x € a, € a,€e ... ¢ a_ € vy, It is trivially true that the
relation R is reflexive and transitive. That R is anti-symmetric

follows from that fact that no set is an clement of itself.

Let I denote a non-void open interval of the rational line

with the usual topology.

For cachneé Nletnl = {[n, i] : 1€ I} . & set of points in

N = Vv,

For x € X define:

Ox = Cz: XRZ} .

Forne N and 1« Q, define:

' Onl - kJ Ox

X € nl

Finally define:

"8: {Onl: ne N, I CQ} v {OX: X o= [n,vj , n € N, v@ZuLj




This family .-_S'; is a subbase for a topology 4 for X, Since 7 v L
is countable and since the set of intervals of Q is countable, the
family w? is countable. A base for the topology o/ is the family
of finite intersections of members of '«JJ . Hence I has a count-

able base and so is said to satisfy "the second axiom of countahbility, "

[ 2, p. 48 ]

Lemma 1 -~ Any two sets O and Oy have a non-void intersection.
proof -- Letz = (x, (y)). Then x € Z and v € (v) € z. Hence

both xRz and yRz, that is z g Ox and z € Oy’ and so z e O, n Oy'

Note that is both x and y are elements of N x V it is possible that
(x, y) may not satisfy the unique name condition and so (x, y) may

not be an element of X; (x, (y)) is certainly in X,

Corolla ry -- Each two members of J have a non-void intersection.
proof -- Each OnI is a union of sets OX. If the two members of

VP are of the form O_. and O_..y.. , then choose O < O and
‘ nl nac ks x nl
O <O, O and O_, have a non-void intersection, and hence
x5 ek % 33

so do OnI and On:}:l:,':.



Lemyma 2 -- If Uis an open set and x € U, then O, < .

proof -- If U is open then 1J : U Uy , for « in some index set A,
where cach Uy is a finite intersection of members of ? o I we U,

then x & U, and some element a of A, There is a finite set BN x V
such that U, = m Oy' Thus x & OY for cach y ¢ B. Hence yRx
y € B
for each y € B. Let w be an arbitrary point of Oy« Then xRw and
'by the transitivity of R, yRw for each y ¢ B, thatis, w € O for
Yy

cachyin B, and so w £€U,. Since wis an arbitrary point of O,, we

have O, € UaC u.

Lemma 3 -- There are points of X which are not closed,
proof ~- Denote the complement of x in X by Cx. If a € X, then

(a) &€ X. The point {(a) is closed if and only if C(a) is open. Since
a # (a), a = Cla). Suppose that C(a) is open. Then by Lemma 2,
a g Oa' < Cfa). DBut {a) & Oa since alR{a). This is a contradiction.

Thus C(a) is not open and (a) is not closed.

Corollary --- The space X is neither a T1 space nor a Hausdorff space.



proof -- A space of T1 if its points are closed. A necessary
condition that a space be Hausdorff is that it be Tl' [2, P 56]
That X is not a Hausdorff space could be proved directly from

the fact that no two open sets of X are disjoint,

It is easy, but not important here, to prove that X is a

T, space.

A space which satisfies the second axiom of countability
is Hausdorff if and only if each sequence in the space converges
to at most one point. [2, pp. 67 and 72 ] . The space X sat-
isfies the second axiom of countability and is not Hausdorif.
Hence therec are sequences in the space which converge to more

than one point. We consider these in the next section.

A space is called countably compact if each countable open
cover has a finite subcover. A space is called sequentially com-
pact if'each sequence in the space has a convergent subsequence,
A space which satisfies the second axiom of countability is count-

ably compact if and only if it is sequentially compact. [2, pp. 162, SOJ

Lemma 4 -- The space X is not countably compact,



I8l

proof -- The family of sets »f is a countable cpen cover for X,

IfneN, and t ¢ L, then, [n, t] = y& N x V, and so Oy € ,ﬁj’ .

0
Suppose that thero is another Ox in %) such that y ¢ O‘{_. Then

Any finite subfamily of the cover A(S} omits points of (7 ¢ 1) and so

is not a subcover.

Corollarz -~ There are S€qucences in X which do not converge,

Examples of such sequences will be seen in the next section,

Corollary -- The Space X is not compact,



3. The Convergence of Programs.,

[t is convenient to treat every sequence of points as if it
were an infinite sequence. In the usual way we say that if S(n)
is a finite scquence and if S(N) is the last point of the sequence,

then we define S(i) = S{N} for all i > N,
In the last section we noted that a sequence may converge
to more than one point in X. This behavior is exhibited by the

Algol program:

begin integer x, vy, z;

x = 1;
y o= 2;
z 1= 3;

1. z:= =z + 1

goto L

end

If we adopt the convention that at the time of declaration an identifier
is initialized to the value u, then the assignment statements define

a sequence of points:

)



This sequence of points is eventually in both the sets O[x, 1] and
O[ ’ 2] and thus the sequence converges to both the points [x, 1]
and [y, 2.:] . Were x, y, z to have been real in the program, the
integers 1; 2, 3, etc. would have been replaced by their isomorphic
images 1.0, 2.0, 3.0, etc, Then for each open interval I1 about
1.0 and each open interval 12 about 2.0, the sequence would
eventually be in Oxll and OYIZ.
It should be noted that if E is the equivalence relation defined
over N x (Q by [x, x'] E l:y, y'] if and only if x' = yv', and if the
.topology :7_1:3 relativized to N x Q. then the quotient topology

(N x Q)/E is the usual topology for the rationals. As a result,
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