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1. Introducr,tion.

I.1 The notion of functional completeness has an extensive
history and lite rature in pure mathematics, An anal'bg_ous notion
seems useful in discussing the relationship between a language

and the primitives in terms of which it is defined.

is complete for each language of the set, A_microlanguage is
horizontal if the re exist statements in the microlanguage which con-
tain more than one operator. Itis clear that the relation of being

complete for a language is a transitive relation,

for some rather large set of languages. Thig intention is realized
by provi,ding_ an instruction set so large that in some vaglie way one
has the feeling that, armed with these ins'tructions, anything ig -

‘possible, While experience bears out this intuition, a rigorous

proof of completeness might be difficult,



In this article we define a model of a data space and the
syntax and semantics of a horizontal microlanguage over that
space. We call this microlanguage Crampon. We show the micro-

lanquage to be complete for a large class of 1anguages

Wesselkamper has studied an operator S defined.by:

z, if x = y;

x, if x # y; - | (1.1. 1)

and has shown that it is funct1onally complete over any fm1te valued
space [4 ] In this paper we generalize this defimtlon to 0bta1n
a vehicle for defining high level languages, while addmg this func—
tional completeness a property that no existing high level language

has been shown to possess.




2. A Formalization of the Data Space and its Operators.

2.1 Let Q be the field of rationals ‘under the operatmns

# (addition) and .- (mulhplmatwn) Let Q have the usual

| ordering under < . Let L be g denumerable set such that

T, F, UELandLnQ . Let V=0Qu L, Lethea
denumerable set of names such that N o V = @. The Cartesian
product N x V is the se!f of [name, .value} pairs with which we

will frequently deal.
Suppose that in Q-the .-addirtive invefse of an element
a is denoted by a and the multlphcatwe inverse of a £ 0 is

-1
denoted by a ~. For X, YeV, defme

%, if x ¢ Q;

- =
u,. otherwise,.
x # vy, if %, v e Q:
X+yz=
. U, otherwise.
L ,
[ -~
x #y, if x, v EQ
X-y= {
U, otherwise.
.




Xy, ifx, y gQ;
U, otherwise,

-1 :
Xy o, ifx, yg Q, y#0;

bl

x/)lr

U, ot.herwis-e.
r T, if x £ 0, 0 < x;

E.osx: % I, ifxEQ,x(O;

U, if x ¢Q

The elements T and F correspond to the loglcal values “true” and

"false™, The element U corresponds to the. undeflned Or unassigned
state,
2.2 A tree with root x is a flmte graph such that each point ex-

cept x is the end: pomt of exactly one edge % is the end point of no
edge, and the graph contains no cycles.  Such a graph is sometimes
called an ”trlmlcscence [1] - Contrary to gencral usage we con-

sider a single leaf to bhe a tree,




nd Cis a pProper

subtree of B, If Ais g maximal subtree of B we write A ¢ B,

The surtree of a tree A is the set of trees which result
by deleting frorﬁ the tree A its root, The surtree of A js the set
of maximal subtrees of A, The surtree of A is an empty set only
if A consists of 3 single leaf

The notion of a tree s intuitively attractive,
- be typographically unpleasant,

For that reason, if f{l,_ Ko, xn}
18 the surtree of a tree A, we write: '

but it can

A = (31, XZ, ..._.,-xn). (2. 2. 1).

property if for each subtrée B of A and each pair.of 1

[x, x'] £ B, [.y, y'] € B, x =

A tree A with leaves in N x V possesses the unique name

eaves

y'_impiiesthat ' =yl (2.2.2)

name property also.




_follows:

I. ifxe N xv, then x ¢ X;

2. if x xz,,..,anXandlf(xl, xz-,...,x)

2.3 We define an operator k over X . V. OnN x vV, k projects

the [name, value] pair onto itg value coordinate, On'V it is just

the identj ty operator,

' Formally,

ifn g N, v €V, x e X,

= [n, v] ;

v, ify =
kx = v, if y = v,
U, ifx¢ Nxv, _ (2.3.1)
2.4 The effectiveness of the model which we are defining hinpes




We denote this operator by S. Each of its arguments 1sin X ¢ V,

as also is the result of the operation. In a naive way; S)\yz is

undelstood as "in x for the occurrence of y put =, Forma._lly, for

X, y, z€ X uV;

Sxyz = 4

z, if x = y;

[x', z], if x = [x', x", y, 2z &V, x = V3

(Sx,yz, Sx,y% «ov, Bx ya), ifye x,

., X ), and
n

(§x1yz_, §_x2yz, ., §_xnyz) E X;

X, otherwise - : {(2.4.1)

This deflmtlon of S is a generalization of the deflmtlon

noted in 1.1, 1 and studied in 4. The definition of S on'X x V is

motivated, in part by the two following cases,

- Firstly, 1f a, b, and ¢ are all elements of N x v, then.

the expression:

kSSTkabTc-

(2.4.2)



1s equivalent to the McCarthy conditional[SJ (a—h, c), fo'r‘if
ka = T, kSSTkabTc = KSSTTHTc = kShTe = kb, whereas if
ka # T, kSSTkabTc = KSTTC = ke, | '

Second.ly, if x and y are eleménts of N x V, the expression:

Sxkxky | o | (2.4, 3)
is equivalent to the assignment statement x R
2.5 There are two. operators which are analogous to set theoretzc

union and intersection. They pe rformthe functlons of creatmg new
blocks and of adding new names to ex1stmg blocks and of deleting

names from blocks,

Ifx, y € X and x # N x V,. then for Some el_‘em.e_nt's

X of X, x = ("1" xz-,..-..,. Xﬁ)" Define:

"_Xn’ y)_, if (xl, e, xn,-y)f X;

aug xy = J

X, otherwise, _ : : - {2.5.1)




The expression {x_, o .y X X, ¥) fails to be in X if it happens that y is

a Luamo, valuej pair whose name already occurs as Lhe name part

of one of the x_ in the surtree of x,
i

The" deletmn operator removes a leaf or a subtree from a

tree. Ifx ¢ X and Y€ N v X, then define:

r Ax_, iewy Xi-'l’ Xl—l—l’

and there exists a v'€ V such that [y, y':}

delxy.: J : € x;

cee, X x, ce., X if =X, € x
1’ S PO R " n)'_’ y i

X, 'oth'erwi'se_.. ' | - - (2.5,2).
- - - .

2. 6. Suppose that a tree A has max1ma1 subtrees .B 'and'C' Suppose
further that .x b's ] s an element of N x v, is in the surtree of B and .
that there is no element [x x”] in the. surtree of C, Then B and C
can be. dlsimgulshed by the fact that [x x] - isin B, If, among.,
the trees in the suftree b.f A, Bis the only tree with a leaf contalmng

the name X, then the name x labels Bin A, Defme

v X ) i x=(x, Ly )
n 17 _



r-_ B, if there exists an x' g V such'i_:ha't [x, x']
E BeA, ahd the re ex_iéts'no Ce Aand x"; v
_ble = 4 . such that [x, x”] £ C e A;

{ [x, U]), if .the_re exists no B € A and x! £V

- ~suchthat [x, x| ¢ p, 2.6.1)

In this paper there are only two contexts in Wthh the operator
_blA occurs.  In each case the value of A can be mferred from the
context, Tlus enables us to erte bl and to omit the A, The fir_st of

these contexts is as one of the three arguments of S. We define-

SxySblazw = . _S_-_x,y§_’tglxa.zW '

‘Sxblaz = Sxbl as
2@z = Sxbl
Sxybla = _S_xyp_lxa' _ , (2.6.2)

In v&ords, if bl occurs as part of the first argument of Sit refe rs to
the first argument of the prevmus S; if bl occurs as part of the

~ sccond or third argument of an S it 1efers to the f1rst argument

10




The second context in which bl can occur is as an augment
of the a aug operator. The aug operator, in turn, oc,ours only as a

pa rt of the third argument of an S. Define: -

aug.x bl y = aug x _b_lxy_;
Sxy al.J..g bl zw = §_xy aug ._k&XZW' (2.6.3)

Should there be a confllct between 2. 6 2 and 2. 6 3, the latter is

the stronger conventmn

2.7 The -_g_gi_:g' operator is a diffe rent kind of boast_...'_ All of the
previous ope rafofs wo_fe' d_efin:'ed.'as _fu'nc.tion-s_. The"ai‘gum'ent of
goto is the evaluation of an S-string. Frequently the ‘goto will take
the form '"goto _1_<§_§T§ach. " HxeV, then "goto x' causes the
statement labelled [x] (the greatest integer in x) to be executed
next, If [x] does not exist or if no statement is labelled [x]

the execution is terminated.

We define a Crampon program to be a sequence of statements

of the form
< label > <S~string> ; l<-goto> 2.7y

whe re <1abe.l.> is an integer followed by the character ':'', We
claim that a sequence of statements of this form defines each state-

ment of a large class of high level languages.

11




The <S-string> of the Crampon expres'sion'will, in
general, be a rather complex expression of the form Sxy7 where
the arguments of the operator.S are. elements of X u V These
arguments are themselves expressions mvolmng S, k, bl aug, del,
pos and the four bmary and one unary arzthmetlc ope rators. A
formal BNF grammar for the syntax of Crampon forms an Appendix
" to this paper. (From that it may be noted that the infix arithmetic
operators bind more strongly than the non-arithmetic prefix operators. )

- The constructions involved will be clear from the examples that follow

‘We list in Table 1 the domains and ranges of each of the

ope rators we have defmed

12




Table 1 =- Do.mains

and Ranges of Crampon F:imc'-tions

Domain ' _ Range

Qg'eratbr'

- (unary) v | | oy

+ V oxV . | .: v

- (binary) V x V. R | 2 V.
V x Vl - A |

/ v xv v

pos v {r F, U}

bl X x N | X

aug X‘X._x“_. | X

del XxmMNux) | x

k Xov | _"V'

s X v V)3 l xwv

13



3. The Completeness of Crampon for Algol-¢ .

3.1 In 1966 M. Nivat and N, Nolin qulisiled a subset of
Algol which they designéted as Algol-¢ ., [6] " They showed
that every Algol p.rogram could be converted into (defihed in
terms of) an Algol program., In our te.rms'AlgoLs is a
cdmplete micrélanguage for Algol. We show that Crampon is
a complete microlanguage for a 1anguage which is a sl-ight.

modification of Algol-g

_ Alg_ol;e is described as follow_s:

The structure of programs written in this
language is the same as in ALGOL 60; declarations,
statements, parentheses, begin, and end play théi_r
same parts, :

The declarations are those of ALGOL 60 with
a few restrictions, the most important of which con-
cerns the array dercl'arations; the limits of array
declarations can only be expressed by constants or
simple variables, -

In order to d.efine the statements autho_r'izéd by
ALGOL-¢ conveniently, we shall call a "term' a
simple variable or an indexed variable whose indices

are constants or simple variables.

14




With this in mind, we state the following
'deflmtmns

1) Aésignment statements aye of the form -

e€xpression (with at most one connector and, there-
fore, at most two terms) or an €xpression of the

wh‘e re Y is a procedure 1dent1f1er and & 1’,‘ cee, &

are te rms

2) Unconditional jump'staterrient_s are of the form
oto a

where a iga te Fm (with at most one index),

3)  Conditional jump statements have the 'for_ms
if a then T‘l
or

if a then Tl gls_e_ T2

where a ig a term and T 1’ T2 are unconditional‘
Jump etatements o o '

15




4) Procedure statements Vh_ave the form
Y (8 1, 8 '2, -'-'n? 8 }

where Y is a procedure identifier and
§ ., ...,8 are terms. -
1 n

There are no ther elementary statements .
in ALGOL-¢ . Blocks and procedure bodies are

defined as in ALGOT, 60; compound statements
are no longer of any interest; gall statements may
be labelled. [6, Pp. 148—9.]

"3.2 We modify this description in two sii.gnif-i-ca_.nt wé_tys. One

modification is a restriction, the other is a concession, ' -

It is possible to build into Crampon a mééhan_isrﬁ which corres-
ponds to _thé Algol }jroperty of non-local names., We'ha\(c;- done this

clsewhere LS +  We eliminate it here in thé interest of brevity,
Ly

1 7(’)




As a Lompensatlon for the above loss of non- }.ocal var-

iables; we allow a decla ratlon to appear at any peint in a program.

As a iesult of the. above limitation on the - Scope of names,
we may employ the abbreviation of usmg 2 name to refer to the
correspondmg [name valueJ pair. Thus_ : Ly, y'] may
“be abbreviated vy, Note that since, by 2,3.1, k [y, y'] =y
our abbreviation yields ky = k [y, y ] v, Thus_t}.xe. may
say that y is an abbreviation for [y, ] o

3.3 In Section 2.7 we defined a Crampon"sfatemgnt to be of

the forms:

<1abé1>,<S;—.string> Ty l' - < goto> -

-'We show',now how an Algol';-é y sté}temen't' is'de'fine'_d in terms o’f_

- such a Crampon expression,

We adopt the conventzon that every block of an Algol €
‘Program is labelled. Suppose that the outermost block of the pro- _
gram bears the label L1, Suppose that an Algol statement is con-

tained in some inner block as 1ndlcated by the fragment:

17




L1l: begin
LZPE_g_;_T_}_ |
s begin
%s tatement™>

end

end
end

We suppose that the environment in wh1ch the program exists
creates the pomt [Ll u ]) when it encounters the program
We refer to the current value of the space as bl LI, since bl

L1l is not otherwise defined by 2.6.1 and 2.6. 2,

The prefix

ShLLIbLIL2ShlLZbhIL3S... § bl Ln—l'b_l'Ln_'s_p_l Ln ..

(3.3.1)

precedes any Crampon ewprc-ssmn which defines the specific

18




statement., This prefix effectively locates the partlcular block

of the program in w]uch the btatement occurs,
Specifically, conside r the Algol fragment:

a: begin real x, Vs

X = 1:

L

y o= 2

b: ‘begin real x, y;
X 1= 3;

v 4G | o o 3.3.2

Immediately before the execution of the statement 'y ;= 4;"

the state defmed by the fragment is modelled by the data point:

[ 0] [o5] ol

19




- The statement Ty o= 4;" is equivalent to the Cr'am‘po.n"é.\';pression:

SbhlablbSblbysy

ky 4 . R RS

Here we have: .
s o], fo o] o, [x 9.
uw@i]&ﬂ&ﬂ)
b
ky =_U .
Successive applications of the deﬁn'iti'on of S is 2.4.1 yi'e.'lld.:.' B
sykyé;s[y vl U4 - [y 4]

S bl b Y[y 4]_5([1} ﬂ l-x 3] [y‘ ﬂ fy Uj Iy, 4] 7
- (o vl [ 3], [y ) |

Csmans(n o], 4. pgy |
ﬂwaU[Hjﬁﬂﬁ3Dﬂ

20




Or more graphically:

. This point models the state deflned by the Algol fragment at its

completion,

The _gené ral cases é_f'the- assig_hment statemen-t. .for
example, x : = y x z;-‘ X @ "__:' -y X o= yj,. behave in exactly -
the same -fashion As noted in Sectlon 2.7, the 1nf1x arlthmetm
operators bind more strongly than the non- arlthmetlc prefix
operators, As a result the Crampon expression 'Sx kx ky # kz!

is unamblguous
The last expres sion of each Crampon statement is a
< goto> . The Crampon equlvalent to the Algol £ state'ment
1f a then go to b &lse go to ¢; tis given by:
; kSSTka b T ¢ N - o (3.3.4)
In th-o_ formal definition of Crafhpon the < goto > oxpreb sion may

be explicit in each slatemont or may be empty In the lal:ter_ca se

21




it is understood to mean that the next statement 'sequéntially is

executed next,

An operator equiiralent_ to the Algol _relationai "= lthe
Fortran . EQ.) does not have to be introduced separately. The

Algol relation 'y - y' is given by the expression:

2SS TS TxEF TS TS TyFFFSSxy TxF, (3.3, 5)

© An Algbl label “bé_haves as though declared at the head

. of the smallest embré.cing block [7, paré,gr‘aph 4. 1.- 3] M

Entry into a block results in the aqgrﬁEHtatibn of that block by a
point \ﬁzhich represeﬁts éa'ch label in‘t_l-le .bloc'k as well ag 'bjr a’
'p.oint representing each name .declar_ed in the block head. 1In the

case of a label a, the bl—oc.k is augmented by the point { [a, U]);_
in that case of a name X, the block is _augfnented_ be the .p_oint_.

[x, U] ;_ Consider a‘gé_in the fragment of 3. 3, 2, By definition,
the environment in which thé' computation exists contains the
point _([‘a, U] ) and this we refer toas bl a. _The.deciaration
"real x, y;! together with the use 6f the Ié.bel_b in the block de-
fines an gffe_ct equivalent to the Crémpon exp‘ression:-

——

§___1 abla g_u_g"aﬁg aug [x, U]_ [y, U] _([b, _U] ) {3.3.6)
which transforms the initial data point ( [a, 'U] ) into the point

([a U], [x U] LA Uj o [b, .U] D

22




The corresponding exit from this block causes the deletion
of the {namc, value_j pairs corresponding to the names declared
in the block, as well as the deletion of labels used in the block., In

this case the .deletion is effected by

As would be ,ekpe'ci_:ed in _a: lo{iv.-llevel Ianguage,' the effect of

procedures usage is achiév’ed_by ‘c’opYing the text é;f the procedure

({as is done with a macro)., In this the Algoi c'ail -by_ name produces ST

no difficulty, The effect of a cal] by va_lue- 15 ' 'ias ‘thdugh an addi-
tional block embracing fhe précedure body were -crea’ted _in. which!'
the formal par'a.metérs of the prdéedure declaratic_)n'__ "are as s.igned
‘the values of the corre-s'p'onding aétual parameters [?, ._paragraph
4.7.3.1 ] '"" This effect can be created in a C'rampon.pro'gram by
declaring, at the time éf Procedure use, new names for the formal
parameters (with suitable substitution if the names of the formal
parameters duplicate names which have been previousl_'y. declai‘ed_
in the block from which the procedure is éalled. Upon exit from -
the procedure the names and _'v.alue_s corresponding to the formal

.pa rameters are deleted,

- Thus we have complet_ed.thé-informal sketch of the proof
that Crampon is complete for Algol- g By transitivity, Crampon

is complete for Algol.
| 23




4. Conclusions,

The interest of Crampon arises not from the fact that
it is yet another vehlcle for defining or 1mp1ement1ng an Algol
compiler, but from the fact that it is based upon a 'general- _
ization of the S operator which, as noted in Secfion 2 and proved '
in [4 ] , 18 functmna,lly complete for any flmte space, '

Theoretically this is a great advanta.\ge.
The practical value of the approach is- currently bemg

investigated via a mlcroprogrammed emulation on an H-P. 2100 A

computer,
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Appendix -- A BNF Grammar for Crampon

<letter>  ::= alblé'ldl_e'lflg.'h-llIJ

R tm nlolpfaqfe]s|elu
wl x|yl s

'<.ide.nt-ifier->l Vi _<1e't-tv:e.r>. ] <.it‘:'l.enti£ier>"<l_etter>_

<digit> = 0 lll .2 | 3 | 4 s |6 |7 | g e

<humber> : 'j.<digit> l <number$ .-_<d_igit>

{logical> = | _.T IF IU . o

<op> T ]| |/

Carray name> : i .'_{iqen.'tifi_er} &

array element name 1= Carra narﬁe>-winde_3c R

Cindex> = | |:<opex.'a.nd.->:| .

.<name.> = <ident_ifie£> - ‘ -<.a.rray. el.e@ent name>
<value™> | = : ll.<r.:.e_é.a_,1.> [ -<..,1og-i-ca_'1>

Creal .> - <nﬁmber->l '. : <nu;nber>'

25




<operand > ;=

<operation> . :=

I

<toi<eﬁ>
<.pair> ' I
<JTargl™> o=

- larg2> 1=

Larg3d> HEE
Targ >’ HE
< positive> =

< block >

<_elerhen_t 1ist>: 1=

It

< element >
<block change> : ;-

< augmentation™ . ;=

| <value™> ‘ < token>>
: [<,Qperand > <op> <opé'ran'd > ]

k <rpair> |k 7<.narne>

[(name> ; <va1ure>] : |
<arg>

'<arg>

nd an‘j> ’< block change > ’ <operation™ -

| <.S..st:rir}g >, ’.<-block> ]< pa.i.r_> ,<name> I

< operand > ‘<poéitive>_

- pos .<6perand>

(< element 1ist>)' - bl <ﬁamé>'
< element list> » < element > < elemenrt>'

<_-pa.:ir>' | <block >

' <.au'gmenta,tion> f <‘deletion_>

aug <augméntatiun> <aug tail >
-aug <A—block>_ <éug tail >

26



. <aug tail > ¢ .=

<. deletion> - : ;=

< A-block™ - . 1=

< D-block™> .-: =
Cdel'tail > ;4=
<S—sltfing> e

< label >

I

hi

< goto>

t

I statement > ;
< statement list >

< program> | S

< pair> | <block >

del < deletion™> < del tail> |

del < D-block™> <del tail >

< block™>

< block > |
< pair>> |< block> J <name> .

S <Largl> <arg2_>'.<arg-3>' ‘{emp§y>

< number> :

'<.numbe_'r.>' , <tokén> lg_ < S-string> <empty>
-<‘1abé1> <S-string>. 3 < goto>
<_staitement> , <statement list> <statement™>

< statement list >

27



References -
—_

1.) c. Berge, The Theory _q__fGr‘aEhs and its
| Wiley, 1962), p. 160.

2.) A.A, Markov,

AE'EIiCa'tions y» (New York:

Theory of Mathematical Algorithms,
Israel Program for Scientific Translétidns,
3.) Axel Thue,

(J'erusaiém:

1962), pp. 192-222,
"Probleme uber Ve randerungen von 7

ei_chen-reihen nach
gege_benen_ Regeln", Sk.rif.ter utgit av Videnskapsselskape_t LK_ri-st-

iana, I, Matematisk—naturvidenskalbelig klasse 19141, no. 10
(1914), 34 pp, |

)T, ¢, Wesselkamper, "A Sole Sufficient Operator',

Logic, .(tb_a.ppear),

"A Basis for the Mathematical Theory of Computation”,

mal Sy

Notre Darme
Journal of Formal.

5.} John McCarthy,

Computer Programming and For

- and D, Hirschberg', {

stems, edited by P. Braffort

-Anﬁ'ste'-rdam: North Holland.Publishing Company,
1963), pp. 33-70, ' ' - '

.) M. Nivat and N. Nolin, ”Contributioh to the Defin_iti__on of Algol
Fdrmal‘Langﬁ‘é,-ge Deéc.'riptidﬁ Langua
Programming, edited by T. B. Steele, Jr.

Holland Pu_blis-hing Company, 1966), Pp.

Semantics",,

ges.for Conﬁputer'

7.) Peter Naur (edito:),-

"Revised Report on the Algorithmic Languag_e
ALGOL 60",

The Computer Journal 5 (1962-1963) pp, 349_47,
T.C. Wes selka.mp.é r, A Mathema’ticii Model '_cif- _t_l_l_g g;gznpﬁting- Pi‘ocess |
unpublished Ph. D, thesis),
University of London, 1972), pp. 41-43.

8.)

in a High Level Languape ¢ London:

28




