Homotopy Approaches to the H,
Reduced Order Model Problem

Dragan Zigic, Layne T. Watson,
Emmanuel G. Collins, Jr., and
Dennis 8. Bernstein

TR 91-24



HOMOTOPY APPROACHES TO THE H,
REDUCED ORDER MODEL PROBLEM -

Dragan Zigi¢ and Layne T. Watson
Department of Computer Science
Virginia Polytechnic Institute and State University
Blacksburg, VA 24061

Emmanuel G. Collins, Jr. and Dennis 5. Bernstein
Harris Corporation, Government Aerospace Systems Division
Melbourne, FL 32902

703-231-7540, Itw@vtopus.cs.vt.edu

Abstract.

The optimal projection approach to solving the H; reduced order model problem produces
two coupled, highly nonlinear matrix equations with rank conditions as constraints. The algorithms
proposed herein utilize probability-one homotopy theory as the main tool. It is shown that there is a
family of systems (the homotopy) that make a continuous transformation from some initial system
to the final system. With a carefully chosen initial system all the systems along the homotopy path
will be asymptotically stable, controllable and observable. One method, which solves the matrix
equations in their original form, requires a decomposition of the projection matrix using the Drazin
inverse of a matrix. An effective algorithm for computing the derivative of the projection matrix
that involves solving a set of Sylvester equations is given. Another class of methods considers the
matrix equations in a modified form, using a decomposition of the pseudogramians based on a
contragredient transformation. Several strategies for choosing the homotopy maps and the starting
points (initial systems) are discussed and compared, in the context of some reduced order model
problems from the literature. Numerical results are included for ten test problems, of sizes 2 through
17.

Keywords: reduced order model problem, optimal projection equations, H; control, probability-
one homotopy algorithm.

AMS subject classifications: 93B20, 93B25, 93B40, 65H10.



HOMOTOPY APPROACHES TO THE H,
REDUCED ORDER MODEL PROBLEM

Dragan Zigi¢ and Layne T. Watson
Department of Computer Science
Virginia Polytechnic Institute and State University
Blacksburg, VA 24061

Emmanuel G. Colling, Jr. and Dennis S. Bernstein
Harris Corporation, Government Aerospace Systems Division
Melbourne, F1, 32902

Abstract,

The optimal projection approach to solving the H, reduced order model problem produces
two coupled, highly nonlinear matrix equations with rank conditions as constraints. The algorithms
proposed herein utilize probability-one homotopy theory as the main tool. It is shown that there is a
family of systems (the homotopy) that make a continuous transformation from some initial system
to the final system. With a carefully chosen initial system all the systems along the homotopy path
will be asymptotically stable, controllable and observable. One method, which gsolves the matrix
equations in their original form, requires a decomposition of the projection matrix using the Drazin
inverse of a matrix. An effective algorithm for computing the derivative of the projection matrix
that involves solving a set of Sylvester equations is given. Another class of methods considers the
matrix equations in a modified form, using a decomposition of the pseundogramians based on a
contragredient transformation. Several strategies for choosing the homotopy maps and the starting
points (initial systems) are discussed and compared, in the context of some reduced order mode]
problems from the literature. Numerical results are included for ten test problems, of sizes 2 through
17.

1. Introduction.

In [10] Hyland and Bernstein considered the quadratic (H3) reduced order model problem,
which is to find a reduced order model for a given continuous time stationary linear system which
minimizes a quadratic model error criterion. The necessary conditions for the optimal reduced order
model are given in the form of two modified Lyapunov equations, matrix equations which resemble
the (linear) matrix Lyapunov equations, but are highly nonlinear and mutually coupled.

Among many different approaches for finding reduced order models are component cost analysis
[18]-[20], balancing [15}-[16], Hankel-norm approximation [12]-[13], aggregation [1],[14], nonminimal
partial realization [8] and the optimal reduction method of Wilson [28]. Some other applications
of the optimal projection approach include the Hs/H, model reduction problem [7], the fixed
order dynamic compensation problem [9] and the reduced order state estimation problem [3]. A
homotopy based algorithm for solving the fixed order dynamic compensation problem is given by
Richter and Collins [17].

The complete statement of the reduced order model problem is given in Section 2. Section 3
explains the basics of probability-one homotopy theory and homotopy methods used for salving the
reduced order model problem. Numerical results obtained by solving a number of model reduction
problems are given in Section 4. Section 5 compares various homotopy approaches, and draws some
conclusions.



2. Statement of the Problem.

Given the controllable and observable, time invariant, continuous time system

#(1) = Az(t) + B u(t), (1)
y(2) = C 2(1), @)

where A € R"*" B ¢ R™*™ (¢ R the goal is to find, for given n,, < n, a reduced order
model

Em(t) = Am 2 () + By, ult),

Ym(t) = Cr (1),

where A, € R"mX"m B ¢ Rm XM, Cp € BR™™ which minimizes the quadratic model-reduction
criterion

J(Ama By, Om) = thlglo E [('y - ym)tR(y - ?)’m)]:’

where the input u(?) is white noise with positive definite intensity V and R is a positive definite
weighting matrix.

It is assumed that A4 is asymptotically stable and diagonalizable, and a solution (A, B, Cp)
is sought in the set

Ay = {(Am,Bm,C'm) : Ay is stable, (A, B, is controllable and (Am,Cn) is observable}.

DEFINITION 1. Given symmetric positive semidefinite matrices Q, P € R™" guch that
rank (@) = rank (P) = rank (QP) = n,, matrices G,T € R™X™ and positive semisimple
M € R"»*"m are called a (G, M, I)-factorization (projective factorization) of QP if

QP=G'MT,
rét=r,, .

Positive semisimple means similar to a symmetric positive definite matrix.

The following theorem from [10] gives necessary conditions for the optimal solution to the
reduced order model problem.

THEOREM 2. Suppose (Am, B, Cp) € Ay solves the optimal model-reduction problemn. Then
there exist symmetric positive semidefinite matrices Q , P e R gych, that for some (G, M, I)-
Jactorization of @P, Ay By and Cp, are given by

A =TAGY, (3)
B, =TB, (4)
Cm = CGY, (5)

and such that, with + = G'T" the Jollowing conditions are satisfied:

0=7[AQ+Q A'+ BV BY, (6)
0=[A"P+PA+C RO, (7)
rank (Q) = rank (P) = rank (§ P)=n,,. (8)
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- The equations (6)~(7) can be written in an equivalent form

AQ+QA*+rBVBt+BVBf—rt—TBVBfo= 0,
Atﬁ+ﬁA+T*C*RC+C*RCT-T*@RCT=o.

The matrices Q and P are called the controllability and observability pseudogramians, Tespec-
tively, since they are analogous to the Gramians G. and G, which satisfy the dua] Lyapunov
equations

AG.+G. A"+ BV B =,
A'G,+G, A+C'RO =y,

7 is an oblique projection (idempotent) operator since 7% = 1. The projection matrix 7 can be
expressed as

= (4 P)(Q P,
where (@ P)! is the Drazin inverse [4].

The following theorem from [10], which is a special case of a result in [6], gives a sufficient
condition for simultaneous reduction of two symmetric positive semidefinit matrices to a diagonal
form using a contragredient transformation. '

THEOREM 3. [10] Let symmetric positive semidefinite @, Pc Rnxn satisfy

rank (@) = rank (P) = rank (@ P) = ny, (9)

where n,, < n. Then, there ewists a nonsingular W ¢ Rnxn» {contragredient transformation ) and
positive definite diagonal 2, Q€ R X0m gyoh that

Q:W()g S)W“, P:W-t(g 8)W"1. (10)

REMARK 4. [10] Let Q and P be as in Theorem 3. Then there exists q nonsingular 7 € Rrxn
and positive definite diagonal A € R"=X"n guob that

Q:U(é g)yt, P:U‘t(‘g g)U"‘.

The following lemma defines a factorization which plays an important role in the optimal
projection approach for solving the reduced order model problem.

LEMMA 5. [10] Let symmetric positive semidefinite Q, P ¢ Rrxn satisfy the rank conditions
(9). Then, there exist G,T € RPmXn gna positive semisimple (positive semisimple means similar
to a symmetric positive definite matriz) M € RrmXnm gynp that

QP=GtuT, (11)
r¢t=rp, . (12)



Proof. Due to Remark 4 there exist nonsingular W ¢ prxn and positive definite diagonal
X € R X% such that

Q:W(? g)wf, f’:W‘*(§ 3)W‘1. (13)

The equations (13) can be expressed in the equivalent form

Q=WIW}, P=uixy, (14)
where
LT
W = (WI WQ)? W—I:U:nm{ (gl) (15)
2
From (14)~(15) with ¢ = Wi and I' = 17 follow (11) and (12). Q. E. D.

Matrices G, M and T from Lemma 5 are 4 (G, M, T)-factorization of QF.
3. Homotopy Algorithms.

3.1, Probability-One Homotopy Theory.

Homotopies are » traditional part of topology, and have found significant application recently in
control analysis and design [17], [29]. Homotopy methods are globally convergent, which distinguishes
them from most iterative methods, which are only locally convergent. The general idea of homotopy
methods is to make g continuoys transformation from an initial problem, which can be solved
trivially, to the target problem,

Following [24], the theoretical foundation of a]1 probability-one globally convergent homotopy
methods is given in the following differential geometry theorem:

DEFINITION 6. Let 7 CR™and V C B” he open sets, and let p; I/ [0,1)xV — RP he a
C? map. P is said to be transversal to zero if the Jacobian matrix Dp has full rank on p‘l(O).

THEOREM 7. pr(a,/\,m) is transversqal to zero, then for almost al ¢ €U the map

Pa(A,2) = pla, A, z)

is also transversal to zero; i.e, with probability one the Jacobian matrizy Dp.(A, z) has Full rank on

The recipe for constructing a globally convergent homotopy algorithm to solve the nonlinear
system of equations

f(:?}) =0,

where f: P _, pr is a C? map, is as follows: For an open set [ ¢ pm construct g (2 homotopy
map p:U x[0,1)x RP —, gr such that
1) p(a, A, ) is transvergal to zero,
2) pa(0,2) = P8, 0,2) = 0 is trivial to solve and has a unique solution ),
3) pa(l,2) = f(a),
4) p21(0) is bounded.



Then for almost alla € U there exists a zero curve v of p,, along which the Jacobian matrix
Dp, has rank P, emanating from (0,3:0) and reaching a zerp 7 of fat A =1, This zero curve ¥
does not intersect itself, is disjoint from any other zeros of Pas and has finite arc length in every
compact subset of [0,1) x R, Furthermore, if Df(z) is nonsingular, then ¥ bas finite arc length,
The general idea, of the algorithm is to follow the zero Curve ¥ emanating from (0, o) until a zero
T of f(z) is reached (at A = 1).

package HOMPACK [27], which was used for the curve tracking here,
Two different homotopy maps are nsed for solving the optimal projection equations. When the
initial problem, g(z;a) = 0, can be solved, then the homotopy map is [25]

Pa(A,z) = F(a, ), z)= X fz) 4 (1-A)g(a; a), (16)

where f2)=0is the final problem, and ¢ ig a parameter vector ysed in defining the Iunction g.
When the initiaj problem is not solved exactly, i.e., 9(z0; b) # 0, then the map is a Newton

homotopy [21]
Po(A, z) = Flo, X, 2)~ (1~ A)F(b,0, Zg), (17)

where g = (b,20). For A = 0, £a(0,29) = £(5,0,24) — F(b,0,20) = 0, and for ) = L pa(L,z) =
F(b,1,2) = f(z)=0.

For the homotopies considered here, the theoretica] verification of Properties 1) and 4} is highly
technical and hag not been done,

Al is computed using the Hermite echelop form as described in [4].

AXA:A, (18)
XAX:X, (19)
AX =X 4. (20)



Differentiating (18)—(20) yields:

AXA+AX'A+AXA = A (21)
X'AX+XAX4+XAX =X, (22)
AX'-X'A=XA - A'X. (23)

Substituting A X' from (23) into (21), and summing up equations (21)-(23) gives the Sylvester
equation

(A+ XA-DX'"+ X(AX - A+ 4?)
=XA-AX-XAX+A-XAA-AXA, (24)

which has a unique solution for generic A.

Solving (24) for X’ completes the computation of the derivative of the Drazin inverse of the
matrix A.

From (14),

rank (Q P)? = rank (W, TWI Ui U, )?
= rank (W1 2*U}) = rank (%) = rank (=%
= rank (Wa S WY U{ S U1) = rank (Q £) = n,, < n,

and therefore QP has index 1.
Since @ P = Wy 22 14, it follows QP =w,32p,. Using the definition of 7 it implies

r=(@P)(Q P, (25)

From (25} it follows

T =@PY@QPY+@QP)[(QP)
where everything is directly computable except [(Q PY]". [(© P)1)" can be computed using the
procedure for computation of the derivative of the Drazin inverse described above.

The following is a description of the algorithm. The algorithm is based on the normal flow
algorithm for dense Jacobian matrices described in [26], slightly modified here to handle the rank
requirements of the solution (@, P).

The algorithm is using homotopy map (16) or (17), where F(a, A, z) is represented by two

equations:
AN Q+ QAN +rBVB L BV Bt ' — 7+ BV Bt 1t = 0,
AN P+ PAN+ T C' RO+ C'RCr — 71 C RO 7 — 0,
where A(A) = A A+ (1~ A) D, and the choice of D is discussed in Section 3.6.
The algorithm starts at the point (A z) = (0,20) = (0, Qo, Py) with some 2y = (Do, Py). Then
it follows the zero curve ¥ of the homotopy map until a point where A = 1 is reached.

Since the equations are symmetric, only the upper right triangles are considered, i.e., ¢;; and
Pij are computed only for § > 4. Therefore, the number of variables is 2 [n(n + 1)/2] = n{n + 1).
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The mathematical software package HOMPACK requires that the user provide routines to
evaluate p, (A, z) and the Jacohjan matrix Dp, at each step. While the former is relatively simple,
the latter involves considerable computationa] effort,

The Jacobian matrix consists of n(n+ 1)+ 1 derivative vectors, which correspond to the partial
derivatives with respect to A, ¢;; and Pij. The terms that do not include 7 are simple to evaluate

analytically. For example,

0 3 <
— (A = — UmGmt = 65 ag;. 26
[a%( Q)Lz Basy 2o “mlmi = i1 (26)

On the other hand, the components of 7' have to be evaluated numerically. Each evaluation
involves solving a Sylvester equation (24). Fortunately, since for different ¢;; and pij only the right

evaluations only the right hand side of (24) is evaluated and submitted to the procedure that solves
a Sylvester equation. The procedure used for that purpose [2] supports this approach very efficiently.
When a final solution to the equations (6)—(8) is obtained, the computation of (A, B, Cm)
is completed by applying the formulas (3)~(5), where G and T are obtained as explained in Lemma
3.
In summary, the whole algorithm is:
1) Define D using formula (38) or (39).
2) Choose a starting point z, using one of the strategies explained in Section 3.6.
3) Set A:i=0, z := Zg.
4) Compute Drazin inverse (Q Py,
5) Compute = () P)(Q Pyt
6) Evaluate Pa(A, z).

9} Compute [(@ P)ﬁ]' using equation (24).

10) Complete computation of 7' as 7= (Q PY(( Py 4 (g P& Py

11) Sum values obtained in steps 8 and 10 to the final value of the derivative vector,
12) Take a step along the curve and obtain 21 = (Qn, By,
13) Compute a contragredient transformation (13) as if 2; satisfied the rank conditions.
14) Use formulas (14) to compute T = (Q,P)
15) T A < 1, then set 2 :~ 1, and go to Step 4.
16} Interpolate to get the solution Ty at A = 1. Obtain ¢ and I' as explained in Lemma 5.
17) Compute the reduced order model using (3)-(5).
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3.3. First Method Based on Decomposition of Pseudogramians.

Homotopy algorithms for solving optimal Projection equations can be designed using decom-
Ppositions of the pseudogramians based on contragredient transformations.

The equations (6)—(7) can be considered in another, equivalent form. If (6) is multiplied by U4
irom the left, and (7) is multiplied by Wi from the right, using the contragredient transformation

Q=w nW, P=ulzy, (27)

the following two equations are obtained:

UlAW12Wf+EWfAt+ UIBVBt:.O, (28)
AthE+UfEU1AW1+CtROW130. (29)

The third equation
OW,-1r=9 (30)

determines the relationship between W, and Uj.

The matrix equations (28)-(30) contain 2 n nm + nZ, scalar equations. Op the other hand, the
only natural unknowns in (28)-(30), Wi, U; and diagonal ¥, contain 2 5 P + 7 variables, Hence,
some additional techniques are necessary in order to make an exact match between the number of
equations and the number of unknowns,

One approach is to consider ¥ to be symmetric and all elements of % as unknowns. This
is appropriate, since the equations (28)-(30) with a full symmetric ¥ can be transformed into
equations of the same form with a diagonal & by computing

E=TET W, = WiT, Ui=TU,

% corresponds to some homotopy map that could have been chosen initially. In effect, 2 is changed
in the homotopy map at each step along the homotopy zero curve 7¥. Obviously, in that case the
homotopy map (17) must be used.

The algorithm is using the homotopy map ( 16} or (17), where Fla, X, 2) is represented by three
equations:

Uy A(A) W T Wi+SW{A )+ U, BV B — 0, (31)
AN U+ Ut s, AMNWi+C'RCW, =0, (32)
OyWy—I=q. | (33)

In summary, the whole algorithm is:

1) Define D using formula (38) or (39).

2) Choose a starting point (Qo, Po) using one of strategies explained in Section 3.6. Compute
(W1)o, (Ur)o and =, using a contragredient transformation,

9



3) Set A:=0, 2 := gy = ((W1)o, (U1)o, Zo).
4) Evaluate p,(),z) given by (16) or (17), and (31)-(33).
5) Evaluate Dp,(}, z).
6) Take a step along the curve and obiajn z1 = (W1, U1, %), A,
7) Compute I = (Wl, Ul, 2) = (W]_, Ul, ()3 =+ Et)/z)
8) Change the homotopy to
Fla,\,z)— (1= Apw =0,
where v = Fla, A, &1)/(1 - A).
9) If A < 1, then set z := Iy, A=A, and go to Step 4.
10) I X > 1, compute the solution Z1 at A = 1. Compute the reduced order model by diagonalizing
L=T%T,
Note: if F(a,0, %o) is small, Steps 7 and 8 can be omitted without a serious loss of efficiency.

3.4. Second Method Based on Decomposition of Pseudogramians.

Another approach in transforming (6)~(7) is to consider the decomposition

Q =W, SWY, P=rvlau, (34)
which leads to the equations
Ui AWIEW! + WAt 4 Uy BV Bt =9, (35)
A'vte4 vl aw, +C'RCW, =0, (36)
UyWy—1=0, (37)

which also have 2 T + 12, scalar equations. In this case the number of unknowns in Wi, U7 and
symmetric X and Q is 2 n Ty + nfn + % An additional Ny equations can he obtained, for example,
by requiring

Oy —wy =0 fori= 1,...,n,,.

3.5. Third Method Based on Decomposition of Pseudogramians.

Another way to design a method using equations (35)=(37)is to reduce the number of unknowns.
The number of unknowns can be reduced to 2nn,, + ny, if the diagonal elements of  are actually
the diagonal elements of X,

3.6. Choosing an Initial System and the Starting Point.

While with homotopy algorithms in general an initial problem can be chosen practically at
random, this problem has some special limitations. The reason is that Theorem 2 provides necessary
conditions on a salution only under certain assumptions. In other words, every intermedjate problem
solution satisfies these equations only if the system is asymptotically stable, controllable and
observable. While the absence of these features does not automatically mean that the intermediate
problem solution will not satisfy the equations, it is clearly better to define & homotopy path in
such a way that each problem along it corresponds to an asymptotically stable, controllable and
observable system. Existence of g, solution to the reduced order problem follows from [22]. Theorem
8, proved in [29], defines a class of initial systems such that these conditions are satisfied.
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TUEOREM 8. For the given system (1)~(2), let A= XAX", with A diagonal. Define D =
XQ X! for any diagonal matriz ) = diag (w1, .. s W), such that all wi, fori = 1,2,....n, are
in the open left half plane. Then Jor almost all such D any conver combination (A(@), B,C) of the
systems (D, B,C) and (A, B,C) will be asymptotically stable, controllable and observable.

While the random construction of the matrix D given in Theorem § is theoretically plausible,
in practice it may not be wise, The reason is that the matrix X is complex in general, which for
many choices of © leads to a complex matrix D, which is undesirable. Hence, it is better to directly
construct a matrix D such that 0 satisfies the conditions given in Theorem .

One simple choice for I is

D= -y I+ diag {ey,.. s €nlty (38)

where ¢; > 0 and ¢; are small random numbers that correspond to the parameter ¢ in the theory.
In this case Q is a small perturbation of —¢; [,
Also, the matrix D can be defined as

D=—e;T4cy A, (39)

for e1,¢5 > 0. In this case Q = —c1 .+ ey A,

The starting point z, = (Qo, Py) of the homotopy algorithm can be chosen using a number of
different strategies.

One strategy is to choose o and Py thatare positive semidefinite and satisfy the rank conditions,
but are otherwise random. This approach may lead to relatively large values of F(a,0,z¢) = g(zo; a).

The second strategy, which can be applied for any choice of ihe matrix D described above,
generally leads to relatively small but nonzero g(20). Since the matrix is asymptotically stable,
the Lyapunov equation

D@+ QD'+ BVEB = (40)

has a unique solution Q. Let Q@ =TXT! where T is orthogonal and
X = diag {o1,...,0,).

Next, define
%1 = diag {01,...,anm,0,...,0}, Qo=T3, T

It Qo is substituted for ¢ in (40), the equation will not be satisfied, but in general, if o; are
sufficiently small, it will not be very different from zero. A similar procedure can be applied to
compute Py that will ‘almost’ satisfy the equation

D'P+PD+CtRC = 0.

The point 2 = (&0, Po) chosen in this way may lead to small values of g(z0). Also, this zg can
be used as the initjal guess for a quasi-Newton algorithm which may find a solution to the initial
problem

TI0Q+ QD'+ BV B! =y, (41)
[D'P+PD+C'RC)r = 0. (42)
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The third strategy can be utilized for n,, > max {m,{} and a choice of D as in (38) or (39)
with small ¢o. If D = —¢ T it follows from (41)~(42) that

BVB' , C'RC

@= 2¢ 2¢

are solutions with rank @ = m and rank P = | . Let By € R™"= be a full column rank matrix
obtained by augmenting (if necessary) B, C1 € R™*™ a full row rank matrix obtained by augmenting
(if necessary) C, and V3, Ry € B™ *"m fyll rank matrices obtained by augmenting (if necessary),
respectively, V and R. If the numbers used for augmentation are relatively small, then

B, Vi B} CtR Cy
=E——1 p=11M
QU 9e 3 0 9

will be close to solutions of (41)~(42). Furthermore, since zo = (Qo, Po) satisfies the first two rank
conditions (8), and with appropriate augmentation of B; and ¢y the third rank condition can be
satisfied, this point can be used as the initial guess for a quasi-Newton algorithm that can solve
(41)-(42), (8), giving an initial point for the homotopy algorithm. The quasi-Newton algorithm
is using equivalent forms of these equations (28)-(30), where the rank conditions do not appear
explicitly, but are incorporated info the equations.

The fourth strategy can be applied for the same n,, and D as for the third strategy. Let

BVB C'RC

2¢ 2c

Q=

and p = min {m,l}. If m = { set Qo = Q, Py = P and proceed, otherwise a small correction is
necessary. Suppose > [. Let Q = TX T¢, where 7' is orthogonal and

Y = diag {o1,...,0m,0,...,0}.
Define
¥ = diag {e1,...,04,0,...,0},

Qo=T3%, T, By = P. Qo and Py thus obtained will satisfy the first two rank conditions (8) for
nm = p = I, but may not satisfy the third.

The next step is to apply a contragredient transformation, if necessary in a modified form, to
obtain decompositions

s _wfZ 0Ny s (% 0
QO_W(O O)W’ PO—'U(O O)U’

with W,U € R T® ¢ RPX? where U W = I and diagonal X is positive definite. Details of this
computation are given in [29].
Let
L = diag {o1,...,05,0,...,0}.

Define
¥ = diag {0'1,...,01,,02,_,_1,...,anm,O, NN

12



Where o4, .. +sOn,, are small positive numbers. Let Qo=WE W, B=UtY, . Then, zq =
(Qo, Py) will lead to small values of 9(zo). Also, 2 can be used as the initja] guess for a quasi-Newton
algorithm for solving (41)-(42), (8).

The fifth strategy does not appear theoretically elegant, but it has given some very good results.
The following is the motivation for this strategy. If the starting point zq of the homotopy and the
final point # are very far apart in norm, it is obvious that the homotopy curve for the problem will
be very long, hence it will require a large number of steps to track. If 2 and # are close there is
10 guarantee that the curve will be short, but intuitivelly it seems that should lead to a curve of
smaller length. Hence, the goal is to ‘guess’ an initial point that will be close to the final point.

Points along the homotopy curve are generally (but not always) closer to the final point as
A grows. Hence, if a point along the curve is taken as zo for a new program run starting back at
A =0, that starting point should be closer to . If that point is chosen for a value of ) closer to 1,
it can be expected that zg will be closer to Z.

4. Numerical Results.

This section contains resuits and observations obtained on a number of examples. Most of the
examples are taken from journal papers. Subsection 4.1 contains models of different orders for 10
systems. Subsection 4.2 contains some program measures obtained from runs on a DECstation 3100,
Subsection 4.3 compares results obtained using four proposed methods. Subsection 4.4 compares
results obtained using different strategies for choosing the starting point. Subsection 4.5 gives an
example of an efficient use of Strategy 5 for choosing the starting point. Subsection 4.6 compares
models obtained using the optimal projection approach and models obtained using other approaches,
Subsection 4.7 illustrates the importance of the choice of the initial system. Subsection 4.8 contains
a summary of the section and some recommendations for future work.

The following ten examples of systems (A4, B, () were considered.

SYSTEM 1 [11]. The system is given by

_(-0.05 —0.99 /1 ~
A—(—o.gg ~5000.0)’ B‘(100)= ¢'=(1 100).

SYSTEM 2 {20]. The system is given by

-1 0 11
A—(U “10), B=(70 1), C=(1 -02).

SYSTEM 3 [11]. The system is given by

_(~025 —04 /1 R
A_(—OA -0.72)’ B_(1_2)= C=(1 12).

SYSTEM 4 [23]. The system is given by

-1 3 9 ~9
A=|-1 -1 1|, B={ 2 |, C=(-2 2 4).
4 -5 —4 4



SYSTEM 5 [20]. The system is given by

~10 1 0 0
A={ -5 0 1), B=[1], c=(1 0 0).
-1 0 0 -\ |

SYSTEM 6. The system for this example is given by

0 1 0 0 : 0 0
-2 —0.02 1 001 f10 B
a=7 7 . i B“(oo , C=(0 1 0 0).
0.1 0.001 -p.1 —0.001 0 1
SYSTEM 7 [28]. The system is given by
0 0 0 -150 4
_[1 0 0 245 {1 B
4=1lo 1 ¢ _13)] B= 0)’ C=(0 0 0 1).
0 0 1 -19 0
SYSTEM 8 [15]. The system is given by
0 1 0 0 0
0 0 1 o _{o _
A=l o o0 o5 1| B=|gl, c=(50 15 1 0).
=50 -79 -33 -5 1

SYSTEM 9 [8]. The system is given by

—6.2036  15.054 —9.8726 -376.58 251.32 —162.24 66.827

0.53  —2.0176  1.4363 0 0 0 0
16.846  25.079  —43.355 0 0 0 0
A=| 3774 -80.440 16283 57.008 65514 68579 15757 |
0 0 0 107.25  —118.05 0 0
0.36992 —0.14445 —0.26303 —0.64719 0.49947 -0.21133 @
0 0 0 0 0 376.99 0

89.353 0

376.99 0

0 0
0 0000T1 9
B= 0 0 : C:( _ )
0 0 00 000TGO0 1

0 0.21133
0 0

SYsTEM 10. This is a state space model of the transfer function between a torque activator

and an approximately collocated torsional rate sensor for the ACES structure [5], located at NASA
Marshall Space Flight Center, Huntsville, AL. The system in this example is of size n = 17, m = 1,
I = 1. The nonzero elements of 4 are

A(L,1)= A(2,2) = -0.031978272, A(1,2) = ~A(2,1) = —78.54,
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A(1,17) = 0.0097138566,
A(3,3) = A(4,4) = -5.152212,
A(3,17) = —-0.021760771,
A(5,5) = A(6,6) = —0.1351159,
A(5, 17) = —-0.02179972,
A(7,7) = A(8,8) = ~0.42811443,
A(7, 17) = ~0.01042631,
A(9,9) = A(10,10) = —0.064896745,
A(9,17) = —0.030531575,
A(11, 11) = A(12, 12) = —0.048520356,
A(11,17) = ~0.016843335,
A(13,13) = A(14, 14) = ~0.036781718,
A(13,17) = —0.1248007,
A(15,15) = A(16,16) = ~0.025112482,
A(15, 17) = —0.035415526,
A(17,17) = —92.399784.

The matrices B and € are

( 1.8631111 \
—1.1413786
—1.2105758
0.31424169
0.013307797
—0.211128913
0.19552894
~0.037391511
B = —0.01049736 |,
—0.011486242
—0.029376402
0.0082391613
—0.012609562
—0.0022040505
—-0.030853234
0.0011671662
o/

4.1. Solved Examples.

A(2,17) = -0.0060463517,

A(3,4) = —A(4,3) = ~51.457677,
A(4,17) = ~0.0054538246.

A(5,6) = —A(6,5) = ~15.417859,
A(6,17) = —0.015063913,

A(7,8) = —A(8,7) = ~14.698408,
A(8,17) = —0.0088479697,

A(9,10) = - 4(10,9) = ~12.077045,
A(10,17) = —0.030260987,

A(11,12) = - 4(12,11) = ~8.9654448,
A(12,17) = —0.011449501,

A(13,14) = - A(14,13) = —4.9057426,
A(14,17) = -0.0005136047,

A(15,16) = — A(16,15) = —3.8432802,
A(16,17) = -0.028115589,

—0.0097138566
( 0.0060463517
0.021760771
—0.0054538246
0.02179972
0.015063913
~0.01042631
~0.0088479697
0.030531575
0.030260987
0.016843335
0.011449591
0.1248007
—0.0005136047
0.035415526
0.028115589

184.79957 /

C-t

It

This section gives models for the systems. The results are obtained using the method of Section

3.3, using the homotopy (17). For all examples

V=R=1

System 1: With D = —~10000 I » for the starting point

0.0099995
0.99995

zo = (W1, U1, )0 = | 0.0099995

0.99995
0.5
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the homotopy algorithm ctonverges to a solution corresponding to the model of order n,, = 1 given
by '
Am = (-4998.078625), B,, = (100.000194), Crm = (100.000194).

This model yields the (minimum) cost J = 96.078058.
With D = ~100 7, for the starting point

1
0.25
Ig = 1.07
—-0.27
1

the solution found corresponds to the model of order Nm = 1 given by
Ay = (—0.485152), B, = (—0.0000011427) y Cm= (—0.000000073400),

which yields the (maximum) cost J = 10100.00. This example shows that the homotopy method
can obtain different solutions,

Due to the results from [10], the optimal pro jection equations can have at most ( nn ) solutions.
m

Hence, in this case all the solutions were obtained. Obtaining all the solutions to the equations
is the only known method that guarantees that one of the solutions will correspond to the global
minimum, ‘

System 2: A model of order T =1 1is

Am = (-11.979443), B, = (—3.649276 0.442839), Cp, = (3.676048).

This model yields the cost J = 0.598377.
System 3: A model] of order n,, = 1 is

Ay, = (~0.838521), B, = (1.537575), C,, = (1.537575).

This model yields the cost J = 0.107258.
System 4: A model of order Nm =11is

Am =(-10.436530), B, =(-1.597203), C,, = (1.597203).

This model yields the cost J = 1.688216.
A mode] of order Ny = 2 is

A — [ —3.60073% 1.376721 B = { —1.711012 ct — 1.711012
™\ 1.376721 —0.215037 /° ™7\ 0.763496 /° ™\ 0.763496 / -
This model yields the cost J = 0.0197781.
System 5: A model of order n,, =1 is
A, = (-—0.157898), B, = (0.423088), C,, = (0.423088).
This model yields the cost J =0.0107792.
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A model of order n,, = 2 is

A = { —0.448192 —0.245890 B - {0.301639 ot = —0.301639
7T\ 0.245800  —0.139652 /° ™7\ 0.411520 ) ° ™7\ 0.411520 /¢

This model yields the cost J = 0.000320024.
System 6: A model of order n,, = 2 is

A = —0.0205177 —1.431966
me 1.432245  —0.00000309981 /°

B = { —0.931218 0.477408 ot = —1.046463
™ 7\ 0.00704476 0.0107630 /° ™\ 0.0128636 /-

This model yields the cost J = 256.432.
A model of order n,, = 3 is

—0.384322  0.0151428 0.000363187

Am = | —0.0344809 —0.0205145 —1.431952 s
0.000412053  1.432223  —0.00000322418

( —0.0450631 —0.864146
B,, =

—0.931197  0.477361 |, Cm = (—0.865320 —1.046423 0.0131197).
0.00659947 0.0113390

This model yields the cost J = 255.703.
System 7: A model of order N = 2 18

A = —3.172419 -1.170749 B. = ~0.131078 ot — 0.131078
™ T\ 1170749 —0.437964 )° ™7\ ~0.118146 /° ™\ —0.118146 }

This model yields the cost J = 4.15847 - 10-7.
A model of order n,, = 3 is

Am = 2.839372  -3.135361 -—1.168474

—12.554152 -2.839372 —0.414932 _
—0.414932  1.168474 ~0.437810

0.0564264
Bp = | 0.130701 }, Cm = (0.0564264 —0.130701 0.118135).
0.118135

This model yields the cost J = 4.58560 . 10710,
System 8: A model! of order R, = 2 15

A = —4.815122  1.508547 B = 0.930361 ot —0.930361
™ T\ -1.508547 —0.532330 /) ° ™7\ —~0.779384 }° ™\ —0.779384 } °
This model yields the cost J = 0.673079.
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A model of order n,, = 3 is

-1.454066
0.419342 -1.454066 —0.520312

—0.358287
Bn =1 0.806973 |, C, =(-0.358287 —0.806973 0.773469).
0.773489

This model yields the cost J = 0.00148438,.
System 9: A model of order n,, = 3 is

—0.746729 4.843984  0.419342
Am = | —4.843984 -2.235622 R

—9.352068 —0.912444  0.506220

-0.0261157 9.349756 —0.0528086
Am = ,
—0.0541716 —0.506226

—0.198770

~2.414471  —0.571953 —0.371712  0.00240265 0.0122915
Bm = | 14906052 00416151 |, Cum ="y 00" 14006110 14944542 )
—14.944459 0.0512237

This model yields the cost J = 0.673079.
A model of order n,, = 4 is

—~37.55440 —0.0546940 0.326197 —0.0709427
A = 0.0561170 —0.0261155 9.349755 —0.0528084
™1 0.324384  —9.352067

—0.912440  0.506220 ’

0.0705453 —0.0541714 —0.506226 —0.198769

-2.666516 -0.00624702

0.280123 —2.651769

B — | —2414464 —-0.571953 ot — —0.371711  2.453283

™| 14.906036 0.0416151 ? ™7 1 0.00240433  14.906094
—14,944458  0.0512237

0.0122916 14.944541
This model yields the cost J = 3.27495 - 106,

System 10: A model of order #,, = 6 is

—0.23442 -52.59052 —0.17250

0.06085 0.000005 0.019936
52.59052 —10.53247 —0.91009

0.54970 0.00004 0.13584
A = 0.17250 —0.91009 —-0.18410  15.43994 0.00001 0.046293
™o 0.06085 —0.54970 -15.43994 —0.03904 -(.000006 —0.02371 |’

0.000005  -0.00004 —0.00001 —0.000006 —0.000000005 —78.54024
—0.019936  0.13584 0.046293 0.02371 78.54024 —0.06402

0.02447 0.02447

0.16899 —0.16899

B. = 0.06006 ot — ~0.06006

71 ~0.027808 |’ ™= | —0.027808

—0.00004 —0.00004

-{).15819 0.15819
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This model yields the cost J = 4,19165- 10~5.

A model of order n,, = 8 is given by

—70.147  21.918 -2.7406 2.9917 —0.3721 0.228  (.0246 0.083 \
54.161 —32.186 4.6829  9.2995 —0.4958 0.180  0.0289 0.093

3.5118 —4.6512 —0.2083 -51.396 0.1211 —0.013 —0.0049 —0.0157
A = —22.253 19.045  51.852 —12.043 1.0945 —0.639 —0.0741 —0.243

™ 1.2271  —1.1976 -0.2000 1.1602 —0.1936 15.44  0.0243 0.0807 |}’
0.5249 —0.5415 -0.0764 0.6934 —15.450 —0.014 —0.0125 0.041
~0.0705 0.0708  0.0106 -0.0770 0.0238  0.012  0.0181 —78.674
—0.2393  0.2397  0.0357 —0.2610 0.0803  0.042 78.508  —0.082 /

( -0.05753\ (—0.16432\
—0.06445 0.16512
0.01043 0.02442
B - | 016983 ot — | —0.18165
T -005959 {0 Y™ T | 0.05966
0.02622 0.02629
0.04591 —0.04472
0.15167 / \—0.15162

This model yields the cost J = 3.95223 - 10-5.

4.2. Program Measures.

This section contains some data about memory requirements and run times. All runs were
performed on a DECstation 3100.

The most complex part of the algorithms is the computation of the tangent vectors to the curve
7, which involves the computation of the kernel of the Jacobian matrix D pq- For large problems
a,ppr.oxjma.tely 90% of the processor time required by the programs is devoted to that. For smaller
problems, especially for smaller models, a lot of processor timeis devoted to function evaluations and
Jacoblan computations that contain many matrix-matrix multiplications. Similarly, the Jacobian
matrix takes most of the memory storage the programs require. Again, that is over 90% of all

memory requirements for large problems.

Table 1 gives the size of the Jacobian matrices for different problem sizes. The table also
contains a typical number of algorithm steps and Jacobian evaluations for each problem size, For
different choices of parameters that determine an initial problem and the starting point those two
numbers can vary significantly. The given data are for some good choices of those parameters. The

last column contains the processor time needed for one tangent computation.

The largest problem listed in Table 1 required a total of approximately 77 CPU hours to solve,

of which approximately 70 hours were devoted to tangent vector computations.
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TABLE 1. PROGRAM MEASURES.

n Tom, Jacobian Steps Evaluations Time (sec)
2 1 5 10 20 0.011
3 1 7 12 30 0.017
3 2 16 15 45 0.045
4 1 9 45 75 0.025
4 2 20 60 120 0.08
4 3 33 60 120 0.21
7 1 15 600 700 0.09
7 2 32 600 700 0.29
7 3 51 700 1000 0.71
7 4 72 800 1100 1.5

17 1 35 400 450 1.3

17 2 72 1500 1700 3.6

17 3 111 1000 1100 7.6

17 8 336 1700 2900 96

4.3. Comparison of Different Homotopy Methods.

In this section the performance of the four methods described in Sections 3.2-3.5 is compared.
The four methods are numbered according to the following scheme: Method 1 is the method of
Section 3.2, Method 2 is the method of Section 3.3, Method 3 is the method of Section 3.4, and
Method 4 is the method of Section 3.5. The methods were tested using the homotopy (17), choices
of initial system D = —101 or D = —100 I, and using Strategy 2 for choosing the starting point.

Table 2 contains a comparison of the number of tangent computations required to solve different
problems using these methods. The data are given for some some good choices of initial problems and
starting points. Entries marked ‘-’ mean that a solution has not been obtained within a reasonable
number of steps or that the algorithm failed. The table represents the {ypical situation: Method 1
fails to give a result, Method 2 gives a result, while Methods 3 and 4 usually give results, but take
more time than Method 2. This behavior is also seen for the other problems considered.

A possible reason for the better performance of Method 2 may be that it is the most ‘natural’
of the methods. All the methods are designed using some assumptions or constructions that are
not inherent in the problem. It seems that these unnatural assumptions are contained to the least
extent in Method 2.

TABLE 2. NUMBER OF TANGENT COMPUTATIONS.

Example T Method 1 Method 2 Method 3 Method 4
1 1 32 18 14 18
5 1 - 28 48 44
b 2 - 38 53 52
6 2 - 76 102 95
6 3 - 122 401 -
8 2 - 70 198 202
8 3 - 87 344 344
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4.4. Comparison of Different Choices of Starting Point.

The choice of the starting point has a significant influence on the efficiency of the algorithm.
Results for the four strategies explained in Section 3.6 are discussed here. All choices were tested in
the context of Method 2, which has the best performance. Table 3 contains the number of tangent
computations required to solve different problems using these strategies. According to Table 3, no
strategy is clearly superior.

It is important to notice that, with the exception of the first strategy, the choice of the starting
point depends on some program parameters which are used as ‘small’ numbers to augment matrices
- or make small perturbations. Hence, these results do not necessarily give the final judgement of
these strategies, since there may be some choices of parameters that were not tested and which
could improve the performance of the algorithm.

Since it is significantly different from the other strategies, Strategy 5 is discussed in a separate

section.

TABLE 3. COMPARISON OF THE STRATEGIES FOR CHOOSING THE STARTING POINT.

Example - Str. 1 Str. 2 Str. 3 Str. 4
1 1 43 14 18 18
5 1 58 44 28 44
5 2 56 51 38 113
6 2 76 138 175 279
6 3 122 127 131 - -
8 2 109 92 70 30
8 3 116 89 87 78

4.5. Choosing the Starting Point using Strategy 5.

If the curve tracking is performed using Strategy 5 for choosing the starting point, the result
may be obtained in a smaller number of steps. This is illustrated on the problem of finding a model
of order n,,, = 2 for the system given in Example 9.

If the starting point is chosen by Strategy 2 and the initial system is D = —100 7T , then a
solution is obtained in 833 steps, with 1141 tangent computations and a path arc length of 762.
The trace of zy = (Wy)y; is given in Figure 1.

If the solution is obtained by following the same path for the first 200 steps, then starting again
from A = 0 for another 200 steps, and the third time letting the algorithm finish, then the solution
is obtained in a total of 735 steps, with 810 tangent computations and a path arc length of 737.
The three traces of z7 are given in Figure 2; note that the (G, M,T)-factorizations corresponding
to Figures 1 and 2 are different (but the reduced order models are the same).

Typically Strategy 5 is more efficient than the others, due to simoother curves and convergence
to different solutions, but it can be worse. Although ad hoc, Strategy 5 is clearly worth trying.
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FIGURE 1. Solution obtained using Strategy 2.
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FIGURE 2. Solution obtained using Strategy 5.

the cost function. Since the equations may have multiple solutions, there is no guarantee that a
solution found wil correspond to the minimal model, The only certain way to achieve that is to



3 A
10 10 10 10 10 \
FIGURE 3. Bad choice of the injtia] system.

costs, computed as tr (Q fé), between the optimal pro Jection models and the models given in the
referenced papers.

The following methods are compared to the optimal pro Jection method: component cost analysis
{Examples 2 and 5), projection formulation (Example 4), balancing (Example 7) and nonminimal
partial realization (Example 9).

TaBLE 4. CosT COMPARISON BETWEEN OPTIMAL PROJECTION AND OTHER METHODS.

Example N Optimal Projection Other
2 1 0.598377 0.697174
4 2 0.0197781 0.0469629
5 2 0.000329024 0.0340898
7 2 4,15847.10-7 4,17767-10~7
7 3 4.58560 . 1010 5.39446 . 10—10
9 3 0.673079 1.003622

4.7, Choice of the initial system.

Although the methods work successfully with most choices (38) and (39) of the initial systems,
this choice has a significant impact on the performance of the algorithm. Heuristically, it seems
that the best choice is D = —¢11, with ¢; of the same order of magnitude as the spectral radius
of the matrix A,

The following example shows that the performance of the algorithm is strongly affected by
the choice of the initial system. The system from Example 5 is considered and the model of order
7y = 1 is sought. The data are obtained using Method 2 and Strategy 1 for choosing the starting
point.

With the initial system D = —0.0003 7 » 3100 steps are necessary to solve the problem. Figure
3 shows the behavior of the variable 2y = ¥y;.

With the initial system D = —10 1, 21 steps are sufficient. Figure 4 shows XI;; for this case.
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0.2 014 0.6 0.8 1
FIGURE 4. Good choice of the initial system.

A possible reason for the poor performance in the first cage may be that the initja] system is
close to being asymptotically unstable.

4.8, Summary.

determining the starting point gave significantly different results,

From this work it is not clear what the optimal strategy is for choosing the parameters cq
and ¢; of (38) and (39). For different systems, different initial systems lead to efficient solutions,
A general rule may be that the eigenvalues of the initial system should be of the same order of
magnitude as the eigenvalues of the fial system, but this does not always lead to the most efficient
results. Further research should clarify this issue.

the performance, numerical experiments have shown that the initial system obtained in that way
may not lead to a better algorithm, Actually, there are examples where injtia] systems obtained
using the quasi-Newtop method improved and examples where they corrupted the performance of
the algorithm.
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The issue of solving the initial system is related to the choice of the homotopy map. Similarly,
although it seems obvious that the map (17) should perform better, in some cases that was not true,
Numerical data on this issue are limited since solutions to the initial problem have been obtained
for only a few small examples.

There are still many open questions and ways to improve the algorithms. It seems that the most
important issues are finding better ways to solve the initial problem and improving the performance
of the homotopy map (17).

5. Conclusion,

This paper has considered the use of probability-one homotopy methods to solve the optimal

approach. The “best” algorithm was shown to be effective in finding the optimal reduced order
models for a number of examples.

The number of variables associated with the first approach is of order n? (n is the dimension
of the original model), while the number of variables for the latter approaches is of order nn,,
(nm is the dimension of the reduced order model). Future research will involve the development

of the optimal projection equations, it is possible to reduce the number of variables to be of order
n(m + 1) (m and [ are, respectively, the number of inputs and outputs). Future research will also
consider the H,/H,, reduced order model problem [7].
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